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Abstract
An analytical attempt is presented aimed at modelling the experimentally observed
anomalous hydrodynamic behavior of a small spherical particle translating and/or
rotating in 'contact' with a plane wall bounding a viscous fluid, at small Reynolds
number. In particular, when the gap between the particle and wall is sufficiently
small, non-continuum behavior becomes theoretically possible in the form of cavita-
tion or 'Knudsen-like' flow. This may be the source of the known disparity existing
between theoretical predictions and the experimental observations of Carty (1957).
An 'empirical' attempt is made here to model such non-continuum behavior by re-
laxing the traditional no-slip boundary condition on the wall in the course of solving
Stokes' equations for a sphere moving in very close proximity to a plane wall.
In particular, the results of exact (bipolar coordinate) creeping-flow calculations
are presented for a sphere translating and rotating parallel to a plane wall bounding a
semi-infinite viscous fluid for the case where a linear slip boundary condition is applied
(uniformly) on the wall. These calculations reveal that the singular behavior one
obtains for the classical no-slip case (in the limit where the sphere contacts the wall),
is eliminated entirely by any degree of slip, however small. Thus, no-slip constitutes
a singular boundary condition for the creeping flow equations. In the traditional no-
slip case, the singularity is of order In E where E (< 1) is the sphere/plane-wall gap
width, non-dimensionalized with the particle radius. In this slip scenario, nonzero
translational and rotational motions of the sphere along the wall under the action of
a finite force (and zero torque) (acting parallel to the wall) become possible.
The introduction of the slip coefficient on the plane presents a physical interpre-
tation of what is happening hydrodynamically near points of contact between solid
surfaces in relative motion. The matching of experimental data to the analytical
model can be effected by a dimensionless slip coefficient, #3' = 2.88 x 104, which is
hardly distinguishable from the classical no slip case, 0- = 0.
Based on the physical parameters in Carty's experiments, the dimensional slip
coefficient #' was found to range from 2.27 x 107 to 1.03 x 108 kg/(m 2 s) for experiments
in oil, from 2.05 x 10' to 3.13 x 106 kg/(m 2 s) for experiments in water and to be 272
kg/(m 2 s) for the experiment in air.
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Chapter 1
Background
Numerous engineering and physical applications rely on knowledge of the hydrody-
namic resistance of particles near a wall bounding a viscous fluid. This thesis con-
tributes to this field of research, an area which has been developing over the past 30
years. Practical applications include rheological measurements of neutrally buoyant
suspensions in viscometers (Li et al 1988) and in a rolling ball viscometer (King et
al 1991 and Maude 1961), adhesion of biological cells (Mege et al 1986) and fluccu-
lation of suspended particles in soil-liquid separation processes (Muhle 1985). More
recently, attention has focused on particle removal from semiconductor chips in the
context of clean-room environments (Turner et al 1989 and Ye et al 1991). A possible
limiting factor in removing minute particles from computer chips has been the degree
to which submicron particles adhere to surfaces. Understanding the hydrodynamic
forces involved in such problems is an important step in the design of such clean
rooms.
The motion of a spherical particle in a viscous fluid-and in particular the hydrody-
namnic force exerted on such particle in an otherwise quiescent fluid-is a fundamental
application of the equations of viscous fluid motion.
The motion of a particle in an unbounded fluid has long been understood. Accord-
ing to Stokes' Law, a spherical particle translating at small Reynolds number through
ma
an otherwise quiescent fluid will experience a force F, of magnitude given by,
F, = 67rp.Ua, (1.1)
where t is the viscosity of the fluid, U the particle velocity, and a the sphere radius.
Likewise, a spherical particle rotating in an otherwise unbounded quiescent fluid will
experience a couple of magnitude T, given by
T_ - 87r pa 3 , (1.2)
where Q is the angular velocity of the particle. In these unbounded fluid cases there
are no 'cross' (coupling) terms. In other words, there is no torque exerted on a
purely translating sphere, and no force on a purely rotating sphere. The principle of
superposition, due to the linearity of the constituent equations, allows us to separate
the distinct translational and rotational hydrodynamic resistance characteristics of
a sphere in a combined state of translational and rotational motions in a quiescent
(generally bounded) fluid.
For a spherical particle moving near a plane wall, the principle of superposition
enables one to separately consider the two constituent motions, one parallel and one
perpendicular to the plane. These two isolated motions are illustrated in Figures 1-
land 1-2. The diagrams show that the axes of rotation for the two cases are different.
The principle of superposition enables the pure rotation and pure translation comnpo-
nents to be isolated for both the parallel and perpendicular cases. Thus, to describe
the arbitrary composite translational and rotational motions of a spherical particle
through a viscous fluid bounded by a plane wall, one need only consider four com-
posite motions-namely translation and rotation of a sphere moving parallel to and
perpendicular respectively to a plane wall. As subsequently discussed, theoret-
ical and experimental studies have been conducted to establish the hydrodynamic
resistance to motion of a spherical particle proximate to a plane wall bounding an
effectively semi-infinite viscous fluid medium.
Figure 1-1: The motion of a sphere parallel to a plane wall
1.1 Exact Studies
The dimensionless separation distance e is given by,
e = --. (1.3)
a
The E = 0(1) case been fully described both analytically and numerically in the
literature. Utilizing the principles of superposition, the perpendicular and parallel
motion cases will be considered separately.
Sphere Moving Perpendicular to a Plane Wall
The solution for a sphere approaching a plane wall, i.e. the transverse or perpen-
dicular case, was initially presented by Brenner (1961). In general this problem is
axi-symmetric and therefore can be solved by introducing stream functions into the
problem. The streaming flow equations in spherical bipolar coordinates are solved
Figure 1-2: The motion of a sphere perpendicular to a plane wall.
for the case of zero Reynolds number flow. In general, the Stokes' Law correction for
a particle moving towards a plane wall are given for all separation distances. When
the sphere is far from the wall, the hydrodynamic force F, normalized with respect
to the force that would exist in the absence of the plane given by F" is given by,
F2 9 a+ -(1.4)
Foo 8 h
As pointed out by Brenner, this result agrees with the earlier work of Lorentz who
obtained his value by the method of "reflexions".
As the sphere approached the wall, the hydrodynamic force tended towards infinity
with order 1/E.
Cox & Brenner (1967) developed this model further by evaluating the Reynolds
Number correction terms, giving the distinct values for the motion of a sphere moving
towards and away from a plane wall. By evaluating the sum of the infinite series, the
order of the singularity inherent in the force terms was found to be 1/E.
Experiments measuring the force exerted on a sphere as it approached a. plane wall
were performed by MacKay, Suzuki and Mason (1961 and 1963). In their experiments,
the velocities of solid nylon spheres immersed in oil were measured for particles 2.0
to 2.7 mm in radius. Measurements were taken for separation distances less then 1.0
mmn, corresponding to dimensionless distances less then 0.2.
Mackay et al (1961 and 1963) found their results to be in good agreement with
Brenner's (1961) theoretical predictions over their entire range of experiments, in-
cluding the small separation distances.
Ambari, Gauthier-Manuel and Guyon (1984) measured by magnetic levitation the
force on a sphere whose position was kept fixed by an optical feedback system. For
the case of a sphere approaching a wall they found their results to agree qualitatively
with Brenner (1961). They also considered the case of sphere falling along the axis of
a cylindrical tube in order to determine curvature effects to the parallel motion case.
Sphere Moving Parallel to a Plane Wall
The analytic solution describing the motion of a sphere moving parallel to a plane
wall has been presented in the literature. It utilized spherical bipolar coordinates, as
did the axi-syminetric, perpendicular motion case; however, the extent of symmetry
was significantly less. Thus, a more complicated solution scheme was employed.
The solution in spherical bipolar coordinates was found by separation of variables
following a standard transformation. A general series solution of the differential
equations was obtained, one whose coefficients were calculated numerically for the
prescribed set of boundary conditions. This problem was initially solved by Dean &
O'Neill (1963) for the case of pure rotation and by O'Neill (1964) for the case of pure
translation.
Goldman, Cox and Brenner (1967), extended the O'Neill model by considering the
complete motion of the sphere, including 'coupling' effects. In addition an oversight
was detected in Dean & O'Neill's numerical solutions.
Malysa & Van de Ven (1986) measured the rotational and translational velocities
of a sphere moving at small Reynolds numbers parallel to a plane wall at dimensionless
separation distances E ranging from 0.006 to 1.8.
Carty (1957) measured the steady-state translational velocities of lucite, glass,
steel and cellulose acetate spheres rolling down a smooth incline, under the influence
of gravity, submerged in fluids of different viscosity. In each case the velocity was
measured and the Reynolds number and resistance coefficient were measured. The
range of sphere diameter based Reynolds numbers for these experiments was 2 x
10-2 - 9 x 103. Separate experiments were conducted in water, oil and air. Carty's
correlation between the hydrodynamic resistance on the particle and the Reynolds
number was independent of experimental parameters including the size of the particles
and the nature of the materials. Carty did not measure the rotational velocities in
his experiments but indicated that the spheres actually did roll. 'The spheres were
allowed to roll several diameters before time was taken so as to be sure a, steady
velocity had been reached.'
Ambari et al (1983 and 1984) measured the translational velocity of a sphere falling
along the axis of a cylindrical tube, and they reported good agreement with O'Neill's
(1964) exact studies for large separations (4 x 10-2 < E < 0.4). The discrepancy
between experiments and theory at close separations was attributed to the effect of
curvature of the cylindrical tube wall.
The studies described above showed that for the case of E = 0(1), experimental
observations and theoretical predictions were in good agreement.
1.2 Lubrication Studies
In the limit when the sphere touches the wall, in the limit O(E < 1) lubrication
techniques were used to evaluate the singular and order one terms in the force and
torque expansions. Computations performed in this thesis are consistent with the
earlier lubrication results.
Sphere Moving Perpendicular to a Plane Wall
Asymptotic methods have been used to study the problem of a sphere approaching
a plane wall, in the limit when the separation distance goes to zero. G. I. Taylor's
'lubrication-theory' formula for a sphere approaching a wall gives the leading order
term in the force expansion as
Fa
~z a as a/h -+ 1. (1.5)
Fo (6 -a)
Cox & Brenner (1967) evaluated the leading order singular terms for a sphere with
a small but non-zero velocity for a sphere approaching a wall. The wall correction
factor is given by,
Fz= 
- + 1 (1 ±-Rel n + O(1). (1.6)
F,,, e 5 2 e
Here Re is the Reynolds number based on the sphere radius given by,
|Rel - (1.7)
The source of the ±ReI term in the force expression is that the magnitude of the
first order Reynolds number correction term depends on the direction of the sphere's
motion. It takes a greater force to place a particle on a plane wall than it does to
remove a particle from a plane wall.
To evaluate the nonsingular terms, tangent sphere coordinates were used to solve
the problem when the sphere and wall were in contact. Cox & Brenner (1967) pre-
sented the solution to the axi-synimnetric problem of a sphere rotating above a plane
wall. In the limit when the sphere touches the wall, the hydrodynamic torque, T2,
was found to be finite and related by,
- - 1.202. (1.8)
TO,
Experiments for the perpendicular motion case of a single sphere approaching a
plane wall in the limit when the sphere touches the wall have not been reported in the
literature. However, Malysa and Van de Ven (1985) have measured the hydrodynamic
resistance of aggregates of spherical particles approaching a plane solid surface. They
observed a tendency for the aggregates to rotate when they approached the surface.
This agrees with the Cox & Brenner (1967) result giving a finite torque for small
separations. Correlations of force to separation distance and orientation matched
experimental observations except when the particle's orientation was nearly parallel
to the wall, corresponding to the parallel case motion.
Sphere Moving Parallel to a Plane Wall
O'Neill & Stewartson (1967) utilized tangent sphere coordinates to represent the ve-
locity field for the parallel motion case at small separation distances. Far from the
point of contact, an 'outer' solution was constructed satisfying the boundary condi-
tions, assuming no sphere-wall separation, ie E = 0. Near the point of contact, the
'inner' solution was generated, satisfying lubrication theory equations, and knowing
the velocity gradients and pressure to be large. The 'inner' and 'outer' solutions were
matched, fully describing the velocity field and enabling the hydrodynamic force and
torque to be computed. Goldman et al (1967) used lubrication theory to obtain the
singular terms.
The force and torque on a sphere translating above a plane wall without rotating
are given by,
F 8 1F-~ - In - + 0(1), (1.9)
F, 15 e
T1 1T ~ -i-n - + O(1). (1.10)
8-rpUa2 10 E
The force and torque exerted on a sphere rotating above a plane wall are given
by,
F1 18~ 
-- In - + 0(1), (1.11)
87rpta2Q 10 C
T 2 1
- In + 0(1). (1.12)
T,, 5e
These results indicate that a sphere rolling (own an inclined plane would actually
not move. Both the translational velocity and its angular velocity would tend to zero
as the sphere approached the wall. Balancing the torque on the sphere and noting
the absence of external torques, the ratio of rotation to translation given by,
afl 1
-- -- as c - 0. (1.13)U 4
For a sphere rolling without slipping, this ratio would equal one. Although the the-
ory is not able to predict the actual velocities, it is able to determine the ratio of
translation to rotation.
Only recently have studies reporting the rotation of a sphere moving parallel to
a plane wall been presented in the literature. Chen & McLaughlin (1991) considered
balls rolling down an inclined plane in silicone oil. The average and instantaneous
rotational and translational velocities are reported for cases in which the Reynolds
number ranged from 0.001 to 10 and the viscosity ranged from 20 cp to 9800 cp. The
discrepancies between their results and the Goldman et al (1967) lubrication theory
results were attributed to surface roughness of the particles.
Chen & McLaughlin observed ratios of rotation to translation ranging from aQ/pi
-0.518 when 6 = 76.1 Ato a/t = -0.939 for 6 = 0.98 A. They claim their spheres
had reached steady state motion and attribute instantaneous changes in velocity to
changes in separation distance due to varying local surface roughnesses.
Goldman's et al (1967) analytical results are also in contradiction with Carty's
experiments. The separation distance based on Goldman's et al (1967) solution found
by matching Carty's data was of order 10-" cm, less then the atomic radius of a
single water molecule. A problem with Goldman's et al model then arises because a
continuum of fluid between the particle and the wall can not exist across such a small
gap width.
The separation distance is however, not the only inconsistency with observations.
The singularity inherent in Goldman's et al results would mean that a particle sitting
on a plane surface would require an infinite force to be pulled away. Similarly, it
would take an infinite length of time for a particle approaching a wall to reach the
plane surface.
1.3 Current Theories
Many possible explanations have been put forward as ways to interpret the disparities
between Goldman's results and Carty's experiments.
Non-Newtonian effects have been proposed as a possible explanation for the short-
comings of the theoretical model. Near the contact point, a finite velocity difference
over a separation distance which tends to zero leads to an infinite velocity gradient.
Under such a scenario, it is not certain that the fluid remains perfectly Newtonian,
and Non-Newtonian effects can drastically alter the theoretical behavior of the fluid.
It has been postulated that these infinite velocity gradients might lead to sphere or
wall deformation. The problem of infinite velocity gradients might be resolved by not
allowing the separation distance to approach zero. An infinite velocity gradient would
cause pressure to tend to infinity resulting in system deformation. If the geometry of
the problem is changed, the synunetries inherent in the system no longer hold and
the solution to the problem is no longer valid.
A large pressure difference might result in a change in viscosity. The theoretical
model is only valid for a fluid with constant viscosity.
These three suggested explanations can not be used to resolve the disparities
between the theoretical model and Carty's experimental data. They would lead to a
nonlinear theoretical model, which is contrary to the experimental observations.
A fourth explanation is the possibility of fluid cavitation. Negative pressures
arising from the motion of the sphere would generate cavities in the surrounding
fluid. However, the singular behavior was observed by Carty independent of particle
speed. It does not seem plausible to postulate the existence of fluid cavitation around
an extremely slow moving particle. Also, if fluid cavitation were a contributing factor
then the universal behavior of the hydrodynamic force would be dependent on fluid
cavitation, and thus on particle speed. Carty did not observe this to be the case.
Sufficient experiments have been conducted to rule out each of these four expla-
nations. Experiments could be proposed in which any one or all of these factors
would affect the the hydrodynamic resistance on the particle. Enough experiments
combined with real world observations preclude our discounting such discrepancies
between the theoretical model and experimental data.
The theoretical model considers perfectly smooth surfaces, whereas the experi-
ments were performed on real surfaces with roughnesses and impurities. Investiga-
tions are currently underway measuring the effects of roughness.
The experiments by Smart & Leighton (1989) show a correlation between the
observed velocity of a sphere moving down an inclined plane and the roughness of
the sphere surface. As the sphere rotated, the sphere's orientation shifted and the
roughness near the point of contact varied. When this happened, it was argued that
the hydrodynamic force changed resulting in a change of sphere velocity. As would be
expected there was certain periodicity in the sphere's motion as a complete rotation
sometimes resulted in the sphere's returning to its original orientation.
Malysa, Dbros and Van de Ven (1986) measured the force on a sphere sediment-
ing past another sphere attached to a plane wall and concluded that surface roughness
was responsible for the observed deviations from symnetry. Because surface rough-
ness was the only non-symmetric parameter in the problem, Malysa et al concluded
that roughness must be the source of these non-symmetries. However, there was
no attempt to quantify the extent of roughness present or correlate the particular
roughness to the experimental results.
Carty's experiments indicate that roughness is not an important consideration.
Carty's observed correlation was independent of the materials used. The experimental
conditions were such that there were an enormous range of apparent roughnesses and
in light of Carty's data, it does not seem possible to attribute the disparity between
observation and prediction to roughness.
Carty measured velocity down an inclined plane and thus obtained averaged values
for sphere velocity which in turn gave averaged values for the hydrodynamic force.
Leighton & Smart focused on the instantaneous changes in velocity and correlated
them to instantaneous changes in the hydrodynamic force experienced by the sphere.
One proposed explanation is that the existence of surface roughness and not the
extent of roughness within certain limits is the important consideration which is
omitted in the theoretical model. The experiments of Carty (1957) and Malysa et
al (1986) would support this conclusion. However, Smart & Leighton's and Chen &
McLaughlin (1991) results are at variance with this conclusion.
1.4 Slip Studies
When the gap width approaches the mean free path length of the fluid molecules, one
can no longer assume the fluid adheres to surfaces near points of contact. When the
Knudsen number in the vicinity of the contact point is of order 1 or higher, the basic
assumptions which specify the boundary conditions of this problem are no longer
valid. The remainder of this thesis examines the role of slip in the theoretical model.
As mentioned above, the ratio an/U was found analytically to approach 1/4 when
the sphere and the wall are in contact. There is a distinction between the observed
slipping of a sphere on a surface, and the macroscopic concept of particle slip on
a surface. Nonetheless, suggesting the existence of particle slip does seem a viable
possible hypothesis to explain the observed anomalous behavior.
Numerous researchers have presented solutions to sphere problems considering the
slip boundary condition.
Brenner (1961) considered the case of a particle approaching a free interface in
which the interface did not deform. For large separations, the wall correction factor
can be approximated by,
F_ 3 a
- ~ 1 + -- (1.14)Fo,, 4 h
This problem is hydrodynamically equivalent to the problem of a sphere approaching
a plane wall with perfect slip on the wall. For this transverse case, at close separations
the singularity inherent in the problem was reduced but the order of the singularity
did not change. The wall correction factor for the force exerted on a sphere F* scaled
as 1/4c rather then 1/E. Because the solution is still singular, introducing slip can
not help explain the experimental observations.
Goren (1973) solved the problem of a sphere approaching a. plane wall in which the
partial slip boundary condition was applied on all surfaces. In this case, introducing
slip significantly reduced the degree of the singularity inherent in the approach case.
The author claims that the order of the singularity is reduced. However, the extent
of the numerical calculations presented does not confirm this statement. In other
words, all cases seemed to exhibit ln E singularity, although introducing slip seemed
to reduce this term by as much as a factor of 100. Goren (1979) extended these results
to include permeability on the plane wall.
Payatakes & Dassios (1987) presented the solution to a sphere approaching a plane
wall utilizing stream functions in spherical bipolar coordinates. For varying degrees of
slip 3 and permeability r, on all surfaces, the highest order singularity was removed
as the separation distance went to zero. However, the change in the order of the
singularity can be attributed to the permeability of the plane wall rather than the
introduction of slip. The motion of a sphere towards a permeable wall with no slip
on the surfaces is not singular.
Nir(1980 and 1981) presents the solution to the problem of a sphere moving to-
wards and away from a porous membrane. Introducing tangent sphere coordinates
reduces the Stokes' equations to a fourth-order ordinary differential equation which
is solved numerically using regular and singular perturbation techniques for high and
low permeabilities respectively. Nir also shows a reduction in the order of the singu-
larity for the force and torque. Again, the reduction in the order of the singularity
could have been caused by allowing penetration at the wall rather then from relax-
ing the no-slip boundary condition. The hydrodynamic force and torque were not
calculated for cases with impermeable surfaces and with the partial slip boundary
condition.
O'Neill, Ranger and Brenner (1986) introduced a linear slip boundary condition
to the problem of a sphere in arbitrary motion at the interface of a planar free surface
bounding a senmi-infinite viscous fluid. The introduction of the slightest degree of slip,
represented by a large, but finite slip coefficient completely removed the highest order
contact-line singularity that would have otherwise prevented the motion of a. partially
penetrating sphere normal to a. planar free surface. Such a large slip coeflicient was
regarded as kinematically indistinguishable from the case of no slip represented by
an infinite slip coefficient.
The results of O'Neill et al differed significantly from Goren's (1973) in the sense
that a small amount of slip changed the order of the singularity. Goren's result
showed the force varied drastically with the slip coefficient, however, the dependence
on separation distance did not change with different slip coefficients. Even though
changing the boundary conditions to perfect slip on all surfaces reduced by a factor
of almost 100 the hydrodynamic resistance, the leading order force term was of order
ln E
Related Problems with Perfect Slip
The problem of a sphere moving near a plane wall with perfect slip is hydrodynam-
ically equivalent to the problem of two spheres falling in an infinite fluid at zero
Reynolds number. The parallel case corresponds to two spheres falling side by side;
and the transverse case corresponds to two balls falling one above the other. Once the
spheres are given a velocity, ie once inertial terms are included, then the symmetries
between the top and bottom spheres disappear and the plane midway between the
two spheres is no longer shear free.
For zero Reynolds number motion, the two solutions can be taken as equivalent to
the motion of a sphere near a plane wall bounding an otherwise quiescent fluid with
perfect slip on the plane wall. The solution to two sphere problems are presented
by Goldman, Cox and Brenner (1966) and discussed in more detail by Ilappel and
Brenner (1965).
For a sphere translating parallel to a plane wall with the perfect sip boundary
condition, the force wall correction factor in the limit when the sphere touches the
wall was found to be 0.72469. The torque nondimensionalized in the usual way
was found to approach the limiting value of 0.11865. For a sphere rotating above
a stationary wall with the perfect slip boundary condition imposed on the wall, the
force wall correction factor approached the limiting value of 0.15822. For this case,
however, the hydrodynamic torque tended towards infinity as the separation distance
approached zero. Based on these results, two spheres falling parallel to their line of
center would not rotate. Thus, a sphere approaching a shear-free plane wall would
not rotate.
Incorporating perfect slip on the sphere surface alone is hydrodynamically equiv-
alent to the problem of the motion of a fluid bubble near a plane wall when the ratio
of viscosities is appropriately set.
This problem was solved by Lee, Chadwick and Leal(1979) and Lee & Leal (1980).
By appropriately setting the ratio of the viscosity of the bubble to the viscosity of the
surrounding fluid, one can use these results to obtain the solution of a sphere with
perfect slip moving near a plane wall in which no slip occurs.
For a sphere translating parallel to a plane, introducing complete slip removed
he (force) singularity but not the (torque) singularity. The corresponding problem
of a sphere rotating about an axis parallel to a nearby plane wall retained its torque
singularity for all viscosity ratios (all slip values).
Introducing slip on the sphere into the perpendicular motion case did not remove
the (force) singularity. For the perpendicular rotation case, ie rotation about an axis
perpendicular to a nearby plane wall, it was possible to remove the singularity in the
hydrodynamic force by selecting an appropriate intermediate viscosity ratio. Both
the corresponding complete slip and no-slip cases were singular.
Lee & Leal (1980) also considered the case of a bubble translating parallel to a
fluid-fluid interface. Selecting the appropriate viscosity ratios enabled a hydrody-
namically equivalent problem of complete slip on both the sphere and wall to be
analyzed. The (force) singularity for this problem was removed in the scenario, but
no evaluation of the (torque) singularity was presented.
Chapter 2
Problem Description
This thesis presents the theoretical description of a sphere moving at small Reynolds
number parallel to a nearby plane wall bounding a semi-infinite viscous fluid. This
chapter provides a physical description of the problem, details the coordinate systems
used to specify the problem mathematically, and introduces several simplifications
based on the underlying geometric symmetries of the problem.
2.1 Problem Formulation
As in Figure 2-1, consider a sphere of radius a whose center 0 translates with velocity
U and which rotates with angular velocity 0 about an axis lying parallel to a plane
wall bounding an otherwise quiescent, semi-infinite fluid (0 < z < oo) of viscosity p.
The sphere center is situated at a distance h from the wall, so that the gap width b
(corresponding to the point of closest approach) is b = h - a.
The equations of low Reynolds number, incompressible fluid motion governing the
velocity and pressure fields are
pV' = Vp (2.1)
and
v - =0. (2.2)
Semi-Infinite Region (0 < z < oo )
Figure 2-1: Sphere Translating and Rotating Near a Plane Wall
These are to be solved subject to the boundary conditions
V = 1U + i x (r--h) at x 2 + y 2 + (z - h) 2 = a2  (2.3)
on the sphere, and
V -0
as (x 1,Iy1, z) -+ oo. (2.4)
In the above, r is the position vector drawn from the "contact" point P on the plane
wall, (i2,,,,2) are unit vectors collinear with the (x, y, z) axes. On the wall itself we
take the boundary conditions to be
i2 . _ = 0 at z = 0, (2.5)
corresponding to the kinematical condition that the wall be impermeable to fluid,
and
i} at z = 0, (2.6)
corresponding to partial slip on the wall, with slip coefficient f'. Here,
= ,(Vv + VV t ) (2.7)
is the deviatoric portion of the viscous stress tensor, with t denoting a transposition
operator. The limiting case 0' -+ oo corresponds to the no-slip condition, v = 0, on
the wall, whereas 3' -+ 0 corresponds to the case of no tangential stress on the wall,
r7,(= r..) = ryz(= rzy) = 0 at z = 0.
2.2 Linear Superposition of Solutions
Owing to the linearity of the governing equations of motion, ( 2.1)-( 2.5), the solution
(v,p) of the system can be expressed as the sum
V = Vt +v,, (2.8)
P = Pt + p', (2.9)
where the respective translational and rotational contributions (v_,pt) and (',pr) to
the total velocity field (v,p) satisfy Equations ( 2.1)-( 2.2) as well as ( 2.4) - ( 2.6)
and the respective boundary conditions
V* = i'U Sat x 2 + y2 + (z - h) 2 = a2  (2.10)
V' = j Q x (r- ih)
on the sphere.
Likewise, owing to linearity, the total hydrodynamic force F and torque T (the
latter about the sphere center 0) exerted by the fluid on the sphere can be expressed
in the respective forms
F = Ft+Er, (2.11)
T =T t +Tr.
By symmetry (Goldman et al, 1967) one can show that
F = .F (2.12)
and
T =t T (2.13)
for both the t and r motions.
2.3 Bipolar Spherical Coordinates
It is useful to introduce circular cylindrical and spherical bipolar coordinate systems
to describe the sphere-plane wall system geometrically. The origin P of the cylindrical
polar coordinate system lies on the plane directly below the center of the sphere, as
illustrated in Figure 2-2.
Transformation from Cartesian coordinates to cylindrical polar coordinates is de-
scribed by:
x = p cos#
y = p sin 4 (2.14)
z = z
Introducing spherical bipolar coordinates enables both boundaries to be param-
eterized by a single coordinate, with ( = 0 specifying the plane wall and ( = a
specifying the sphere. This coordinate system has been used extensively to solve
sphere-plane wall problems in fluid mechanics and other fields as well.
For a more detailed description of these coordinate systems, see Happel and Bren-
ner (1983) and Appendix A of this text.
Bipolar coordinates formed by the p and z axes in the cylindrical coordinate
system, as shown in Figure 2-3, are defined by the transformation,
z + ip = ic cot -(q + i)] , (2.15)
.2
from which one may obtain,
sinh




p = ccosh 
- cosq'
The constant, c, in the above equations is a constant determined from system di-
mensions.
One can fully describe the sphere-plane wall system by restricting the coordinates






Figure 2-3: Spherical Bipolar Coordinate System
to the following ranges:
0 < 7 7r
0 < oo (2.17)
0 < < 27r.
In summary, the bipolar coordinate system is governed by the following transfor-
mations:
Cylindrical:
sin tqpsm=p = c(cosh CO -cs7)'
(2.18)
sinh (
Z = c(cosh ( - cos77)'
Cartesian:
sin 77 cosX = C(cosh ( - cos 77)'
y= c sin77sin (2.19)(cosh ( - cos 7)'
sinhZ = (cosh 
- cos 7)
The constant, c, is derived by combining Equations ( 2.19), giving
(z - c coth () 2 + (x 2 + y2 ) = (c cscha )2 . (2.20)
For ( > 0, Equation ( 2.20) describes a family of spheres ( = a = constant in the
semi-infinite domain 0 < z < oo. Appropriately selecting parameters, enables the
sphere surface to be specified. Upon setting the sphere radius r = a and locating the
sphere center at z = h, Equation ( 2.20) furnishes the values of the parameters c and
a = c cscha,
h = c coth a;
c = a sinh a
cosha = -, (2.23)
or, equivalently,








Force and Torque on a Translating
Sphere
The translational and rotational motions of a sphere at small Reynolds number can
be decomposed into simpler constituent motions as discussed in Equations ( 2.8) and
( 2.9). This chapter considers the case of pure translation. This solution for the case
where no-slip boundary conditions are imposed on all surfaces has been presented by
O'Neill (1963). His solution scheme, appropriately modified to take account of slip,
is followed here.
3.1 Governing Equations
The creeping flow equations ( 2.1) may be written in the cylindrical polar coordinate
system of Figure 2-2 as (Happel & Brenner 1983)
1 apt 1 2 Bot
-( 2 )V t 0
pop p2P P P 2 igo
119pt 1 2 Bv
- (V2  1 -8+,pp8 Pop 2 )0+p 2 gg





where 82  ia ia 2  a2
v2: E - + p + + --.8p2 pap p2a42  Oz2
Similarly, the continuity equation ( 2.2) is
1 8apv* 1 avi ovSap + z+ -= 0.
p 8 p p i8# az
(3.4)
(3.5)
Upon taking advantage of the symmetries in the problem (Dean & O'Neill 1963), the





=-U[pWt + c (X + Y*)] Cos4,2
c V= 1Uc[X* - Yt ] sin 4,





In these expressions, c is the constant ( 2.22). It is assumed that the auxiliary
functions, Wt, Xt, Y t and Zt are functions only of p and z. While the solution scheme
( 3.6)-( 3.9) has only been shown to hold for the non-slip case (O'Neill 1963), we
assume subject to a posteriori verification that the same representation holds for the
partial slip case.
Substituting of Equations ( 3.6)-( 3.9) into ( 3.1)-( 3.5) yields the following system
of differential equations governing the auxiliary functions:
a2Wt  1 aWt  Wt  a2Wt
+ - - 2+ = 0ap2  P ap p2  az2
O2X t  1 8X t  4X t  82Xt
Op2  p ap p2 + z2
82yt 1 eYt 82yt
i2+ - + - 92= 0,1op,2 p Op 0z 2
a2Z* 1 aZt  Z* a2Zt





aWl 8Wl a9Yi 8X t  2c &Zt
3W*+p + z +c +c----+-X'+2c -0. (3.14)Op Oz Op Op p Oz
3.2 Solution
The solutions of Equations ( 3.10)-( 3.13) are most easily effected in spherical bipolar
coordinates (Jeffrey 1915). The solution to these particular equations that is regular
at 7 = 0 and 7r and satisfies the no-penetration boundary condition ( 2.5) is given by
(Dean & O'Neill 1963)
Z* = (cosh ( - cos )(1/2) sin 7
00 
1
E [A' sinh(n + -)(]P'n(cos 9), (3.15)
n=1 2
W* = (cosh - cos 7)(1/2) sin 7
00 1 1
Z[B' cosh(n + -)( + C, sinh(n + -)(1P'n(cos ), (3.16)
n1n2 2) p CS7)
Yt = (cosh ( - cosq)(/2)
001 1
E[D' cosh(n + + E' sinh(n + ->)]Pa(cos 7), (3.17)
n=O n2 n24 n(O 7, )
X' = (cosh - cos 7)(1/2) sin 2 7
001 
1
E [Fi cosh(n + -) + G' sinh(n + ) (3.18)
n=2 2
P n S7)
where A' ,..., G are constants to be determined. In these equations, Pn is the Leg-
endre Polynomial of order n, and the primes denote differentiation with respect, to
cos 7; that is, P'n(A) = dP'n(A)/dA with A = cos77.
The coefficients in these series expansions are determined by satisfying the bound-
ary conditions and continuity equations, as follows:
3.3 Boundary Conditions
On the sphere the no-slip boundary condition, as expressed by Eq. ( 2.10) is imposed.
In cylindrical coordinates, the sphere surface velocity can be represented as:
Vt = U cos $
L = -Ulsin at (=a.
v =0
(3.19)








=pzt at = a.
z
= 2 + Zt
z
(3.20)
In spherical bipolar coordinates, these conditions become
2(cosh a - cos7) PWt = - Zihi
sinh a
Xt = sin Z t
sinh a
Y* = 2 + sin77 Z
sinh a
at ( = a. (3.21)
Our solution is required to satisfy these three conditions imposed on the auxiliary
functions. Substituting the series solution to the auxiliary functions, Eqs. ( 3.15)-
( 3.18), and evaluating these expressions at ( = a, an infinite series expansion in 77
is obtained. Integrating over the range of 7, (0 < q yr), with respect to the appro-
priate weighting function gives the following recursion relations from the boundary
conditions on the sphere:
1 2i = - coth(n + -a)B' - 2 coth aA' + x2smnh a
(n + 2) sinh(n + 2)a At+1[(2n + 3) sinh(n + ')a 1 + (n - 1) sinh(n - })a(27- 1) sinh(n + )a An 1]
-2v exp (-(n + !)() 1 1E*nh =+ -a) coth(n + -a)Dt + x"n sinh(n + I)a) 2 s -i n hca[(n + 1) (n + 2) sinh(n + 2)a
(2n + 3) sinh(n + })a'
1 1
G = - coth(n + -a)F* + . x1
2 s . a 7
1 sinh(n + 22)a An+
(2n + 3) sinh(n + })a n1
(n > 0),
(3.23)
A - n (n -1) sinh(n - })aAt(2n - 1) sinh(n + )a "j
1 sinh(n 
- })a At (n1(2n - 1) sinh(n+})a "~] (C
( ~ > 1),
(3.24)
> 2).
Appendix B presents recursion relations and integral relations for Legendre Polyno-
mials.
On the plane, the partial slip boundary condition as expressed by Eqs. ( 2.5)-( 2.6)
is given in cylindrical coordinates as
3It t
V = 0p p at z = 0. (3.25)
The condition of no penetration on the plane wall, vt = 0, has already been satis-
fied. Expressing the derivatives in cylindrical coordinates these boundary conditions
become
- + -v V
Jp 19z yt
Boe 18vi #'
- + _ . -v oaz p# p9 P
=0
=0
at z = 0. (3.26)
(3.22)
Substituting Eqs. ( 3.6)-( 3.9), the velocity and stress components can be ex-
pressed in terms of the auxiliary functions as
49W, 'c ax* (9Y O'c
p pW'+ + -(X+Y*) = 0
at z = 0. (3.27)
5z- ---5-z (Xt -Y t ) = 09z z y
As an alternate method, the boundary condition on the plane, given by Eqs. ( 2.5)-
( 2.6) can be expressed in spherical bipolar coordinates as
fi 'v t= r,t 1
prv = -r , at =0. (3.28)
0J
og = 0
This third constraint, no penetration on the wall, vj = 0, has already been satis-
fied. Substituting the series solution to the auxiliary functions into Eq. ( 3.28), the
boundary condition takes the form of the following two relations:
P'c aXt at \
= (X* - Y') = 1-cos 7)
at ( = 0.(3.29)
f'c p, pa~ aW Xt  aY t
-(-Wt + Xt + Yt) = (1 -8cosy) + +- i
LC \CU C 9 + &T
Both forms of the boundary condition, Eqs. ( 3.27) and ( 3.29) can be expressed
in terms of the coefficients (Atn, Bt,...G* ) by
sin EL Cn(n + )P - (1+ cos 7) E B*P'n
n=1 n=1
+2(1 Gt (n + 2 * - 2- sin2Z FP"n - 0, (3.30)
n=2 n=2
00
cos 7) E E(n
n=0
+(1 - cos y) sin2 Z Gt(n + )P n - sin2
n=2
3' c 00





The principles of orthogonality used to satisfy the boundary condition on the
sphere were used to obtain the following recursion relations for the boundary condition
on the wall,
(n + 2)(n + 3 )Ct + n (n + 1) (2n + 1) Ct (n - 2) (n - 1) Ct
2(2n + 3) n+2 (2n - 1)(2n + 3) 2(2n - 1) "-2
(n + 2) (n + 3) (n + 4)Gt (n + 2) (n + 3) cyt
2 (2n + 3) n+2 + 2 'n+1
3(n - 1) (n + }) (n + 2)(2n - 1) (2n + 3) "
(n + 2) E 1
2 (2n + 3) En+2 2
1 E + (n 1) E t2 "-1 2(2n - 1) n-2
(n + 2) (n + 3)
+ 2 n+1
(n- 1) (n - 2 ) Gt
2 n' +
+ (n 1)(n - 2) (n -3) -2(2n - 1)
,1B' + (n 1) Bt_(2n - 1) n-
2(n 
- 1) (n 
- 2) F
(2n - 1) "~-1
, (n + )27+) EtEn+1 + (2n - 1) (2n + 3) En
(n + 2) (n + 3) (n + 4) G,
2 (2n + 3) n+2
3(n - 1)(n + 1)(n + 2)G
(2n - 1) (2n + 3)
(n - 1)(n - 2)(n - 3 ) Gt
2(2n - 1)
-2#c ( Dn+1 - 1 Dt
-2-- 1(2n + 3 ) l (2n - 1)' n-1
(n + 2) (n + 3) Ft(2n + 3) n+1 = 0.(n -1) (n 2) F'(2n - 1) n-1j
and
(n- 1)(n- 2 )Gtq n-I
+ ' c (n + 2) B8
pL (2n + 3 ) n






The restraints on the values of the coefficients from the continuity relations were
found by substituting the series solution to the auxiliary functions given by Eqs.
( 3.15)-( 3.18) into the continuity equation, given by Eq. ( 3.5). This resulted in an
expression in terms of ( and 71. It is necessary to satisfy continuity at all points in the
fluid thus this expression had to be satisfied at all values of ( and q. The recursion
relations found from the boundary conditions were obtained at a single value of (,
integrating over all 77.
In order to satisfy continuity at all values of ((, 71), Eq. ( 3.5) was written in a
form including i-dependence terms only of cosh(n + !)( and sinh(n + })(. Setting
both sets of the coefficients to zero separately enabled the homogeneous equation in
( and y to be satisfied at all values of (. The two sets were then integrated over the
range of q and utilizing recursion and integral properties of Legendre Polynomials,
two recursion relations were obtained by imposing continuity.
The terms in front of the cosh(n + !) term as given by Dean & O'Neill (1963)
are:
-(n - 1)Bn-1 + 5Bn + (n + 2)Bt - D_ 1 + 2D -D
+(n - 1)(n - 2)Fi_, - 2(n - 1)(n + 2)Fn + (n + 2)(n + 3)F4+1  (3.34)
-2(n - 1)At_ 1 + 2(2n + 1)At - 2(n + 2)At .
The terms in front of the sinh(n + -) term can be found be replacing Bn, D' and
Fn with Cn, En and G', respectively and eliminating the At terms,
(n - 1)Cn_1 + 5C + (n + 2)Cnt1 - El_- + 2En - Et
n- 1)(n - 2)G_ 1 - 2(n - 1)(n + 2)Gt + (n + 2)(n + 3)Gt . (3.35)
Continuity is satisfied by setting both of these two expressions to zero for all values
of n, greater then or equal to one.
Alternately, these equations could be derived by imposing continuity at any two
distinct values of . The two resulting equations would be a linear combination of
Eqs. ( 3.34)-( 3.35).
3.5 Evaluation of Force and Torque
The force exerted by the fluid on the sphere is parallel to the direction of motion, and
is given by (Goldman et al, 1967)
Ft= 7rpUCJ11 Wt p p aW
t
-1 2cu( 2c o




( 3.36), and performing the appropriate
Ft = -7rpUav/' sinh a E [D' + Et + n(n + 1)(Bt + C')]. (3.37)
n=O
It is often more convenient to consider a wall correction factor. Normalizing the force
by the amount which would be exerted in the absence of the plane, one obtains
F* vZ
Ft*t* = = -- sinh a6itUa 6
(3.38)[D' + En + n (n + 1)(B +C
The torque (about the sphere center) is parallel to the y-axis, and is given by, (Gold-
man et al, 1967)
T* = -ir/tUcscha r 8pa -zW t2 + cZ
t ) 1
9Z a lwTt+
oz 2 cYt)] d cos 77.
Substituting Eqs. ( 3.15)-( 3.18) into Eq. ( 3.39), performing the appropriate inte-





= -7rpUcscha E{2 + exp[-(2n + 1)a]}
n=O
x [n(n + 1)(2A' + coth a)C' - (2n + 1 - coth a)En] (3.40)
+{2 - exp[-(2n + 1)a]} x
[n(n + 1) coth aB' - (2n + 1 - coth a)D*].
3.6 Numerical Solution
The solution has been fully specified analytically. The coefficients appearing in the
infinite series solution to the constituent equations are related by recursion relations
found from the boundary conditions and continuity expression.
For each value of n (n = 0,1, 2, 3,...), there exist seven unknowns (A', B', ...Gt),
and seven corresponding recursion relations, two from continuity and five from the
boundary conditions. The infinite series solution is approximated by a finite series of
N terms. The first 7 x N set of unknowns and recursion relations correspond to a set of
equations with 7 x (N +2) unknowns. By assuming that higher order terms are small
compared with those terms which are retained, (i.e., that A'+ 1, At+ 2 --.,GN+2 ~ 0,
approximate values for the coefficients can be obtained from simultaneous solution of
the resultant linear set of equations.
The coefficients were computed numerically using a banded matrix solver. The
numerical problem corresponded to a 7N x 7N matrix with a band width of 49. The
recursion relations involved terms ranging from A'- 2 to Gn+2- The bandwidth of the
matrix was set so that each row in the matrix would contain an individual recursion
relation.
A CRAY X-MP computer was used for numerical computations. The determining
factor in selecting a machine was the memory capacity of the computer, as our large
matrix required substantial memory storage space. As a result, while the fast speeds
of the CRAY significantly reduced the time required to obtain numerical results, they
did not furnish the major motivation for utilizing that supercomputer.
For a given separation distance and slip coefficient, the exact numerical solution
was approximated by the technique outlined above. A number of runs were per-
formed for each case with different values of N. In other words, the code was run
by incorporating more and more 'nonzero' terms into the series until the torque and
force values converged numerically to the desired significant figures. More terms were
required at smaller separation distances. Calculations pertaining to complete slip or
no slip converged with fewer terms then cases with partial slip. The number of terms
required for convergence is not considered a significant result; however, only results
for converged cases are reported.
Appendix E contains the computer output for the force and torque computations
for both the translation and rotation cases. The force and torque values are given
to ten significant figures for all cases. The precision of the numerical results was
determined by inspection of these results. Often, the actual precision was much
better then what was reported in text of the thesis.
To obtain a complete set of numerical data at a given separation distance, the
number of terms required for convergence was first determined at one particular slip
coefficient. An intermediate value (0 = 3'a/p = 1) was selected as the test case as
such a case required the highest number of terms for convergence at a given separation
distance. The code was run with different values of fl, at a fixed separation distance
knowing the number of terms required for convergence. For large separation distance,
namely e = 0(1), the use of 10 terms yielded force and torque results accurate to
four decimal places; including 100 terms gave results accurate to ten decimal places.
For small separations, explicitly c = 10-', 15,000 terms in the series gave results for
the force and torque values accurate to only three decimal places. (Recall that taking
1,000 terms involved solving a set of 7,000 unknowns.)
Values of the constants A G,...,'G for the solution at a few sample separation
distances and slip coefficients are included in Appendix D. Each such case required
computing the entire set of numerical coefficients, as values did not carry from one
case to the next.
Having been able to fully describe the solution analytically and numerically, con-
firms a posteriori our a priori assumptions regarding the symmetry of the velocity
field (in particular representing it in terms of auxiliary functions independent of q).
3.7 Numerical Results
An analytic representation of the solution involving a sphere translating near, and
parallel to, a plane wall bounding an otherwise semi-infinite quiescent fluid has been
obtained for the case of partial slip on the wall. A tabulation of the hydrodynamic
force exerted on the sphere is presented in Table 3.1 for normalized separation dis-
tances e as small as 10-7, and for dimensionless slip coefficients, /3, given by
/3'a# )3 1a (3.41)It
ranging from 10' to 106.
These numerical data are more easily interpreted graphically. Figure 3-1 displays
the normalized force versus separation distance for different slip coefficients on the
plane. The uppermost curve represents the no-slip, fl = oo case, which is identical to
the solutions presented by Goldman et al (1967) and O'Neill (1964). Although our
recursion relations and computer algorithms differed from those of these authors, our
force and torque calculations agree exactly with theirs.
The lowest curve of Figure 3-1 corresponds to the case of perfect slip on the wall.
These results are identical with those of the problem with two spheres translating
perpendicular to their line of centers (Goldman et al, 1966), as that case is hydrody-
namically equivalent to our perfect slip case. Again, the technique used to solve these
two problems was quite different, whereas the numerical values obtained for the force
and torque (as well as the individual coefficients) were identical.
The nature of the In e singularity inherent in the no-slip case is apparent in this
diagram. For this no-slip case the force and torque tend towards infinity as the
Table 3.1: Dimensionless Force Fj* on a Translating Sphere
Slip I Dimensionless Separation Distance, E
100 10 1 0.5 0.1 0.05 0.01
O -1.0056004 -1.053802 -1.3827524 -1.5957066 -2.2643030 -2.5989633 -3.422533
107 -1.0056004 -1.053802 -1.3827524 -1.5957065 -2.2643026 -2.5989623 -3.422528
106 -1.0056004 -1.053802 -1.3827521 -1.5957059 -2.2642983 -2.5989534 -3.422481
10- -1.0056004 -1.053802 -1.3827497 -1.5956997 -2.2642562 -2.5988643 -3.422010
104 -1.0056004 -1.053801 -1.3827257 -1.5956374 -2.2638348 -2.5979745 -3.417336
103 -1.0056003 -1.053796 -1.3824862 -1.5950155 -2.2596486 -2.5891883 -3.373125
102 -1.0055998 -1.053750 -1.3801168 -1.5889044 -2.2202939 -2.5104621 -3.069596
10' -1.0055948 -1.053297 -1.3585901 -1.5361509 -1.9599342 -2.0877415 -2.228138
100 -1.0055457 -1.049363 -1.2344126 -1.2902250 -1.3426927 -1.3474354 -1.350079
10-1 -1.0051225 -1.028923 -1.0015047 -0.9668366 -0.9129275 -0.9037657 -0.895998
10-2 -1.0029462 -0.992506 -0.8769637 -0.8321275 -0.7759025 -0.7671159 -0.759478
10-3 -0.9990572 -0.972750 -0.8452743 -0.8009066 -0.7463368 -0.7378751 -0.730714
10-4 -0.9969317 -0.967780 -0.8396166 -0.7956235 -0.7418347 -0.7336357 -0.726831
10-- -0.9963937 -0.967075 -0.8389077 -0.7949971 -0.7413420 -0.7331818 -0.726425
10-6 -0.9963108 -0.967000 -0.8388343 -0.7949330 -0.7412922 -0.7331361 -0.726384
0 -0.9963008 -0.966992 -0.8388262 -0.7949259 -0.7412867 -0.7331310 -0.726379
-Slip 9Dime5nsionlessSeparationDistance, E































































































































































separation distance approaches zero. On the other hand, the perfect slip case force
converges to a finite value of F,* = 0.725 as the separation distance tends towards
zero.
The significant result one can see from this diagram is that cases with an inter-
mediate values of slip converge to a finite value of force as the separation distance
tends to zero. This indicates that the no-slip case corresponds to a singularity in the
creeping flow equations when the sphere touches the wall.
To empirically determine a slip coefficient for a flow geometry, one would correlate
experimentally determined separation distances and external hydrodynamic forces. If
the flow geometry were such that the sphere and wall were essentially in contact, then
measuring the external forces alone would enable one to correlate a slip coefficient
based on limiting values of force, as from Figure 3-2 or Table 3.2.
Figure 3-2 shows two distinct trends. For small 3 (large amounts of slip), the
force is not dependent on the slip coefficient. For large # cases (small amounts of
slip), the forces varies logarithmically with slip coefficient. A best fit curve to these
10 1 1 1 1












#= 0 (perfect slip)
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Figure 3-1: Dimensionless Force F,* on a Translating Sphere vs Dimensionless Sepa-
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Figure 3-2: Limiting Value of Dimensionless Force F.* on a Translating Sphere at
f = 0 vs Dimensionless Slip Coefficient 3 The dashed line corresponds to a best fit
curve for fl > 1 given by Equation 3.42.
data gives the correlation,
Fj*(e = 0) = -0.981 - 1.22log10,3, for P > 1. (3.42)
This best fit curve is indicated by the dotted line on Figure 3-2.
Similar correlations relating the torque to the two parameters, slip and separation
distance, are also presented.
Table 3.3 lists the value of non-dimensional torque for various separation dis-
tances and slip coefficients corresponding to the set of values of force computations
in Table 3.1. Figure 3-3 presents this same data graphically.
The same general trends in the torque computations were observed as were seen
in the force computations. The no-slip case, corresponding to the uppermost curve
in Figure 3-3, displays a ln e singularity. The perfect slip case, corresponding to the
lowest curve, converges to a finite value of torque, T * = -0.11865 as the separation
distance tends towards zero. Cases with intermediate value of slip, corresponding to
the cases between these two curves, converge to a finite value of torque as the sepa-
ration distance tends to zero. This indicates that similar to the force computations,
the no-slip case corresponds to a singularity in the creeping flow equations when the
sphere touches the wall.
Figure 3-3 also illustrates another important concept. In this problem, there
are two dimensionless length scales inherent in the problem. One is the separation
distance and the other is the slip coefficient. As e -+ 0 and P -+ oo, two length
scales simultaneously approach limiting values. This effect can be seen in Figure 3-3
by noting that the value of torque does not smoothly approach a finite value as the
separation distance approaches zero. Instead there is a bump in the curve. This
irregularity is more noticeable at larger slip coefficients.
Table 3.4 lists the values of torque in the limit when the separation distance
approaches zero. This indicates that the no-slip case corresponds to a singularity in
the Navier Stokes equations when the sphere and wall are in contact.
These same limiting values are presented graphically in Figure 3-4. This plot is
Table 3.3: Dimensionless Torque T * on a Translating Sphere
Slip Dimensionless Separation Distance, et
#_ 100 10 1 0.51 0.1 0.05 0.01
00 8.98147e-10 6.17808e-06 0.005025 0.0165740 0.088763 0.137925 0.2765
107 8.96801e-10 6.17808e-06 0.005025 0.0165740 0.088763 0.137925 0.276516
106 8.97231e-10 6.17808e-06 0.005025 0.0165740 0.088763 0.137923 0.276508
10i 8.97263e-10 6.17806e-06 0.005025 0.0165735 0.088757 0.137910 0.276425
104 8.96519e-10 6.17785e-06 0.005024 0.0165691 0.088699 0.137771 0.275586
103 8.96553e-10 6.17579e-06 0.005015 0.0165251 0.088115 0.136371 0.266998
102 8.96829e-10 6.14988e-06 0.004918 0.0160643 0.082013 0.121860 0.193978
101 8.14944e-10 5.39551e-06 0.003608 0.0104658 0.029765 0.027447 0.000900
100 -6.73672e-09 -3.10547e-05 -0.010087 -0.026293 -0.080393 -0.097643 -0.118021
10-1 -4.61800e-07 -5.04782e-04 -0.033453 -0.061317 -0.110973 -0.120475 -0.129094
10-2 -6.22113e-06 -1.24984e-03 -0.038937 -0.065256 -0.107297 -0.114580 -0.120740
10-3 -1.51414e-05 -1.46890e-03 -0.039024 -0.064588 -0.104936 -0.111844 -0.117669
10-4 -1.78937e-05 -1.49552e-03 -0.038928 -0.064356 -0.104488 -0.111376 -0.117205
10-- -1.82686e-05 -1.49809e-03 -0.038912 -0.064324 -0.104437 -0.111324 -0.117155
10-6 -1.83081e-05 -1.49834e-03 -0.038911 -0.064321 -0.104432 -0.111319 -0.117150
0 -1.83126e-05 -1.49837e-03 -0.038910 -0.064321 -0.104431 -0.111319 -0.117150
Slip JJDimensionless SeparationDistance, e _____

















































































































































t Here, and in the remaining tables the e-notation means, for example, that 5e-04 =
5 x 10-4.
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Dimensionless Separation Distance e
Figure 3-3: Dimensionless Torque TY** on a Translating Sphere vs Dimensionless sep-



























similar to the limiting force plot. For small f, the torque is not dependent on the slip
coefficient. For large /, the torque varies logarithmically with slip coefficient. A best
fit curve to this data gives the correlation,
T * = -0.305 + 0.230 log1 0i3, for fl > 1. (3.43)
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Figure 3-4: Limiting Value of Dimensionless Torque T * on a Translating Sphere at
e = 0 vs Dimensionless Slip Coefficient # The dashed line corresponds to a best fit
curve for # > 1 given by Equation 3.43.
Chapter 4
Force and Torque on a Rotating
Sphere
This chapter considers the constituent motion of a neutrally buoyant sphere rotat-
ing at small Reynolds number above a stationary plane-wall bounding an otherwise
quiescent, semi-infinite fluid. The solution for the case where no-slip boundary condi-
tions are imposed on all surfaces has been presented by Dean & O'Neill (1964). Their
solution scheme, appropriately modified to take account of slip, is followed here.
4.1 Governing Equations
The creeping flow and continuity equations are identical to those given for the trans-
lation case, with the exception of the superscript. The superscript r, for rotation,
should be substituted for the superscript t, for translation, in Eqs. ( 3.1)-( 3.5). The
pressure and velocity fields can be expressed in terms of auxiliary functions for the
rotation case as
c p' = pUW' cos 6, (4.1)
1
cvr = U[pW'+c(X'+Yr)]cos6, (4.2)2
c v = 1Uc[X' - Y'] sin 4, (4.3)
c = [ U zWr + 2c Z] COS (4.4)
z 2
It is assumed that the auxiliary functions, W', X', 1r and Z' are functions only of p
and z. While the solution scheme ( 4.1)-( 4.4) has only been shown to hold for the
non-slip case (Dean & O'Neill, 1964), we assume subject to a posteriori verification
that the same representation holds for the partial slip case.
4.2 Solution
The solution to the auxiliary functions, found in the same manner as for the transla-
tion case, is given by
Z'' = (cosh -cos 7)(1/ 2) sin 1
00 
1
E [A' sinh(n + j)(]P'(cos ), (4.5)
n=1
W'' = (cosh - cos 77)(1/ 2)sin77
001 1
[B; cosh(n + )( + C,; sinh(n + )(]P'n(cos ), (4.6)
ni=122
Y'' = (cosh -cos 7)(1/ 2)
0011
Z[D; cosh(n + ) + E; sinh(n + -)(]Pn(cos ?), (4.7)
X'' = (cosh - cos 77)(1/2) sin2
00 1 1
[F'cosh(n + .) + G sinh(n + n)(SP"(cos ). (4.8)n2 2 2 W
In these equations, P is the Legendre Polynomial of order n, and the primes denote
differentiation with respect to cos 71.
4.3 Boundary Conditions
The no-slip boundary condition is imposed on the sphere, as expressed by Eq. ( 2.3).
In cylindrical coordinates the sphere surface velocity can be represented as
v; = 1(z - h) cos4
vr = -Q(z - h) sin4 at =a. (4.9)
v" = -QP Cosq!
Expressed in terms of the auxiliary functions, the no-slip boundary condition on the
sphere requires that
2p 2c
W' =-- - -Zr
z z
X'= P ( + Zr) at { = a. (4.10)
c z z/
rr 2 p + czY = -(z h)+ + -Z
c c Z z
In spherical bipolar coordinates these conditions become
Wr -2 smn7 _ cosh a - cos7 z1W = -2 - 2 coh oZ7~
sinh a sinh a
=r sin7 (sin + cosh a - cos 7Zra
cosh a - cos q sinh a sinh a
Y'= 2 (coh o - coth a)
cosh a - cos 77
sin77 ( sin 1 cosh a - cos 7 ,
cosh a - cos77 sinh a sinh a
Recursion relations for the coefficients are found by substituting Eqs. ( 4.5)-( 4.8) into
these expressions. Utilizing the principles of orthogonality of Legendre polynomials,
the following recursion relations were found from the appropriate integrations:
1 2
= -coth(n + a)B - 2 coth aA' . x2 sinh a
(n + 2) sinh(n + 1)a A
(2n + 3) sinh(n + )a n+1
E 2v/Zexp (-(n + )
sinh(n + )a)
(n + 1) (n + 2) sinh(n + )
(2n + 3) sinh(n + })
+ (n - 1) sinh(n - })a A'(2n - 1) sinh(n + 1)a " (n > 0),
+ 1)a) - coth(n + 1 a)D+ 1 x2 2 sinh a
a n (n - 1) sinh(n - })')a ]
a n+1 (2n - 1) sinh(n + 1)a ~n
G - coth(n + -a)Fr + x
n 2 si;7nh at





On the plane the partial slip boundary condition is introduced. Identical recursion
relations to the translation case are found as for the rotation case. Changing the
superscript in Eqs. ( 3.32) and ( 3.33) yields
(n + 2) (n + 3)C' +2(2n + 3) n+2
n (n + 1) (2n + 1) C'(2n - 1) (2n + 3) "
(n +2)(n +3) (n +4) r'
2 (2n + 3) n+2
3(n
(n -1) (n -2) r(n -
2 Gn
fl'c [(n + 2) B+1
pt (2n + 3)
(n + 2) (n + 3) F'r(2n + 3) n+1
S(n- 2) (n - 1) Cr
2(2n - 1) n-2
+ (n + 2) (n + 3) ,2 n+1
-)(n + 1) (n + 2),
(2n - 1) (2n + 3)
1) (n - 2) (n -3) G
2(2n - 1) n-2
+ B + (n - B(2n - 1) -1





(n + 2) 1 (n + 1)
-E' +-E'r 2) E'2 (2n + 3) n+2 2 n+1 (2n - 1) (2n + 3) "
1 ,. + (n 1 ) E, (n + 2 ) (n + 3 ) (n + 4) ,
2 n1 +2 (2n - 1) En-2 2(2n + 3) n2
(n + 2)(n + 3) 3(n - 1)(n + })(n + 2)
+ 2 "+ (2n - 1)(2n + 3) "
(n - 1)(n - 2 ) G,. 1 + (n - 1)(n - 2)(n - 3)G,- (4.16)
2 n 2(2n - 1)
-)' c 1 - 1
p77 (2n + 3)Dn+ (2n - 1)
(n + 2 )(n + 3) F' (n 1)(n 2 ) Fr 0(2n + 3) "+1 (2n - 1) "~
4.4 Continuity
The recursion relations found by imposing continuity are the same for the rotation
and translation cases. Altering the superscript in Eqs. ( 3.34)-( 3.35) yields,
-(n - 1)B_ 1± + 5Br + (n + 2)Bnr1 - D_ 1 + 2D; -D
+(n- 1)(n - 2)Fn_1 - 2(n - 1)(n + 2)Fnr + (n + 2)(n + 3)Fnrel (4.17)
-2(n - 1)A_ 1 + 2(2n + 1)Ar - 2(n + 2)Are = 0,
and
-(n - 1)Cn_1 + 5Cn + (n + 2)Cnrel - E;_1 + 2E; - Er 1  (4.18)
+(n - 1)(n - 2)Gr_ - 2(n - 1)(n + 2)Gr + (n + 2)(n + 3)Gr 1 = 0.
4.5 Evaluation of Force and Torque
The force and torque expressions for the evaluation of the appropriate integrals apply
to the rotation and translation cases as well. In this case, however, the torque is
normalized with respect to the torque which would be exerted on a sphere in the
absence of the plane wall and the force is normalized with respect to a dimensionally
correct constant. The force and torque are given by the following expressions:
Fj* = v = -sinh2 a [D + En + n (n + 1)(B + )] (4.19)





{ 2 + exp[-(2n + 1)a]} x3 1272 n=
[n(n + 1)(2A + C;r coth a) - (2n + 1 - coth a)E] (4.20)
+{2 - exp[-(2n + 1)a]} x
[n(n + 1)(Br coth a) - (2n + 1 - coth a)D].
4.6 Numerical Results
An analytic representation of the solution involving a sphere rotating at small Reyn-
olds number above a plane wall bounding an otherwise quiescent, semi-infinite fluid
has been obtained for the case of partial slip on the wall. The same numerical al-
gorithm used to obtain numerical values for the translation case was used for the
rotation case.
A tabulation of the hydrodynamic force exerted on the sphere is presented in
Table 4.1 for normalized separation distances e as small as 10-, and for dimensionless
slip coefficients 3 = S'a/t ranging from 10' to 106. These are the same set of
separation distances and slip coefficients which were used to obtain results for the
translation case.
Having been able to fully describe the solution to the rotation problem analyti-
cally and numerically, confirms a posteriori our a priori assumptions regarding the
symmetry of the velocity field (in particular utilizing the same decomposition for both
the rotation and translation cases with partial slip on the wall).
These data are more easily interpreted graphically. Figure 4-1 displays the nor-
malized force versus separation distance for different slip coefficients on the plane.
Table 4.1: Dimensionless Force F;* on a Rotating Sphere
Slip Dimensionless Separation Distance, E
# e:100 10 1 0.5 0.1F 0.05 0.01
oo 1.20000e-09 8.23740e-06 0.0066996 0.022099 0.11835 0.183900 0.368690
107  1.20000e-09 8.23740e-06 0.0066996 0.022099 0.11835 0.183900 0.368689
108 1.20000e-09 8.23740e-06 0.0066996 0.022099 0.11835 0.183898 0.368678
105 1.20000e-09 8.23740e-06 0.0066995 0.022098 0.11834 0.183880 0.368566
104  1.20000e-09 8.23710e-06 0.0066983 0.022092 0.11827 0.183695 0.367448
103 1.20000e-09 8.23440e-06 0.0066861 0.022034 0.11749 0.181829 0.355997
102 1.20000e-09 8.19980e-06 0.0065577 0.021419 0.10935 0.162480 0.258637
101 1.100OOe-09 7.19400e-06 0.0048101 0.013954 0.03969 0.036596 0.001200
100 -9.000OOe-09 -4.14062e-05 -0.013450 -0.035057 -0.107191 -0.130190 -0.157361
10-1 -6.15700e-07 -6.73042e-04 -0.044604 -0.081756 -0.147963 -0.160630 -0.172128
10-2 -8.29480e-06 -1.66645e-03 -0.051915 -0.087004 -0.143008 -0.152659 -0.161074
10-3 -2.01885e-05 -1.95846e-03 -0.052022 -0.086094 -0.139851 -0.149049 -0.156949
10-4 -2.38571e-05 -1.99400e-03 -0.051901 -0.085802 -0.139308 -0.148491 -0.156280
10-- -2.43577e-05 -1.99744e-03 -0.051883 -0.085765 -0.139248 -0.148432 -0.156208
10-6 -2.44108e-05 -1.99778e-03 -0.051881 -0.085762 -0.139243 -0.148426 -0.156200
0 -2.44167e-05 -1.99782e-03 -0.051881 -0.085761 -0.139242 -0.148425 -0.156200
slip jDimensionlessSeparationDistance, e _____
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Figure 4-1: Dimensionless Force F;* on a Rotating Sphere vs Dimensionless Separa-
tion Distance e at Parameters of the Dimensionless Slip Coefficient 3
The uppermost curve represents the no-slip, 0 = oo case, which is identical to the
solution presented by Dean & O'Neill (1963) and Goldman et al (1967). The lowest
curve of Figure 4-1 corresponds to the case of perfect slip on the wall. This case is
identical with those of the problem of two spheres rotating without translation about
axes perpendicular to their lines of center (Goldman et al, 1966).
The nature of the in e singularity inherent in the no-slip case is apparent in this
figure. For this no-slip case the force and torque tend towards infinity as the separation
distance tends towards zero. On the other hand, the perfect slip case converges to a
finite value of F"* = -0.1582 as the separation distance tends towards zero.
The significant result one can see from this diagram is that cases with intermediate
values of slip converge to a finite value of force as the separation distance tends to
zero. This indicates that the no-slip case corresponds to a singularity in the creeping
flow equations when the sphere touches the wall. Similar to the translation case, for
a given slip coefficient, the value of the force approaches a constant value. This is
true for all finite values of 0. Thus introducing slip reduces the order of the (force)
singularity inherent in the rotation case.
Figure 3-1 also illustrates another important concept. In this problem, similar
to the case of torque on a translating sphere, there are two dimensionless length
scales in competition. As the separation distance, e approaches zero and the slip
coefficient, 0, approaches infinity, two length scales are approaching limiting values
simultaneously. This effect can be seen in Figure 3-1 by noting that the value of force
does not smoothly approach a finite value as the separation distance approaches zero.
Instead there is a bump in the curve. This irregularity is more noticeable at large
slip coefficients.
The degree to which the singularity is removed has yet to be determined. By
plotting the limiting values of force as the separation distance tends towards zero
versus slip coefficient, we are able to determine the order of the singularity with
respect to 3. This data is presented in Table 4.2 and plotted in Figure 4-2.
From Figure 4-2 one can see two distinct trends. For small fl, cases near the perfect
slip case, the force is independent on the slip coefficient. For large slip coefficients,
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Figure 4-2: Limiting Value of Dimensionless Force F;* on a Rotating Sphere at e vs
Dimensionless Slip Coefficient # The dashed line corresponds to a best fit curve for
# > 1 given by Equation 4.21.




























the force varies exponentially with respect to the slip coefficient. A best fit curve to
this data gives the correlation,
F'*(e = 0) = -0.405 + 0.306logio #, for 0 > 1. (4.21)
This best fit curve is indicated by the dotted line on Figure 4-2.
Similar correlations relating the torque to the two parameters, slip and separation
distance, are also presented. Table 4.3 lists the values of dimensionless torque at
different separation distances and with different slip coefficients. The set of values of
separation distance and slip coefficient match those used for the force computations.
Figure 4-3 displays the normalized torque versus separation distance for different
slip coefficients. The uppermost curve represents the no-slip, /3 = oo case. The
lowest curve represents the perfect slip case. Both of these two cases display the In 6
singularity. The torque tends towards infinity as the separation distance approaches
zero. Cases of intermediate slip, corresponding to curves between the no-slip and
perfect slip case display similar behavior as the two cases. The actual value of the
torque at a given separation distance is a function of the slip coefficient. However,
the torque dependence on separation distance does not appear to be a function of
slip.
For the rotation case, this diagram indicates that introducing slip on the plane
wall does not reduce the order of the (torque) singularity inherent in the problem.
For the range of numerical values computed, relaxing the traditional no-slip boundary
condition does not alter the order of the singularity inherent in the problem. The value
of the torque does not approach a fixed value as the separation distance approaches
zero.
Table 4.3: Dimensionless Torque Ty* on a Rotating Sphere
slip Dimensionless Separation Distance, e
100 10 1 0.5 0.1 0.05 0.01
0o 1.000000303 1.000235 1.041784 1.110495 1.454851 1.667461 2.240798
107  1.000000303 1.000235 1.041784 1.110495 1.454851 1.667460 2.240794
106 1.000000303 1.000235 1.041783 1.110495 1.454848 1.667454 2.240760
105 1.000000303 1.000235 1.041783 1.110493 1.454823 1.667396 2.240421
104  1.000000303 1.000235 1.041777 1.110469 1.454567 1.666809 2.237057
103 1.000000303 1.000235 1.041716 1.110229 1.452037 1.661058 2.206031
102 1.000000303 1.000235 1.041125 1.107904 1.429102 1.612368 2.019904
10' 1.000000302 1.000229 1.036138 1.089882 1.305605 1.408595 1.638009
100 1.000000295 1.000186 1.016469 1.035479 1.130099 1.197908 1.399035
10-' 1.000000236 1.00006 0.999684 1.002745 1.075149 1.141242 1.342392
10-2 1.000000067 0.99997 0.996238 0.997129 1.066915 1.132736 1.333786
10-3 0.999999961 0.99996 0.995821 0.996419 1.065715 1.131463 1.332446
10- 4  0.999999942 0.99996 0.995773 0.996331 1.065564 1.131306 1.332271
10-i 0.999999940 0.99996 0.995768 0.996322 1.065548 1.131290 1.332253
10-i 0.999999940 0.99996 0.995768 0.996322 1.065548 1.131290 1.332253
10-6 0.999999940 0.99996 0.995768 0.996321 1.065546 1.131288 1.332251
0 0.999999940 0.99996 0.995769 0.996321 1.065546 1.131288 1.332251
Slip Dimensionless Separation Distance, E
3 5 x 10-3 1 x 10-3 5 x 10 4 x- 4 5 x 10- 5 5 x 10-6 15 x 10-1 10
00 2.505941 3.137984 3.413431 4.055549 4.332566 5.253356 6.174360 6.81807
107  2.505934 3.137944 3.413351 4.055150 4.331768 5.245489 6.105157 6.57715
106 2.505864 3.137588 3.412636 4.051587 4.324703 5.184158 5.809159 6.08897
105 2.505169 3.134052 3.405601 4.018593 4.263412 4.888206 5.274919 5.51707
104  2.498335 3.101324 3.344604 3.815060 3.967819 4.354344 4.700364 4.94148
103  2.439299 2.900254 3.051614 3.330072 3.436746 3.782603 4.127678 4.36897
102 2.162585 2.433080 2.538600 2.779633 2.883302 3.228237 3.573545 3.81489
101 1.736856 1.971652 2.074392 2.314593 2.418376 2.763565 3.108927 3.35026
100 1.496085 1.730847 1.833801 2.074291 2.178129 2.523381 2.868738 3.10937
10-1 1.439660 1.674712 1.777721 2.018264 2.122111 2.467341 2.812493 3.05273
10-2 1.431042 1.666100 1.769103 2.009642 2.113494 2.458642 2.803838 3.04492
10-3 1.429701 1.664758 1.767766 2.008311 2.112160 2.457395 2.802742 3.04407
10-4 1.429533 1.664592 1.767603 2.008151 2.111998 2.457257 2.802627 3.04398
10-5 1.429516 1.664575 1.767586 2.008134 2.111981 2.457244 2.802616 3.04397
10-6 1.429514 1.664573 1.767584 2.008133 2.111979 2.457242 2.802615 3.04397
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Figure 4-3: Dimensionless Torque T;* on a Rotating Sphere vs Dimensionless Sepa-
ratior Distance e at Parameters of the Dimensionless Slip Coefficient 3
Chapter 5
Translational and Rotational
Motions of a Sphere "Rolling"
Down a Plane Wall Under the
Influence of Gravity
This chapter considers the gravity-driven motion of a sphere moving at small Reynolds
number near a stationary plane wall bounding an otherwise quiescent, senmi-infinite
fluid. The previous two chapters have considered the constituent motions of pure
translation and pure rotation of a neutrally buoyant sphere. It is the aim of this
chapter to consider the combined translational and rotational motions of a sphere,
analyzing experimental data to empirically estimate a slip coefficient, for the case
when the sphere touches the wall.
Solving for the general motion of a sphere requires balancing the net force and
torque exerted on the sphere. This includes the hydrodynamic force and torque as
well as external forces and torques.
Carty's (1957) experimental data is used here to calculate the slip coefficient. The
flow geometry consisted of a sphere, immersed in a fluid, rolling down an inclined
plane, in which gravity was the only external force exerted on the sphere. A torque
balance on the sphere,
T'*(81ryiUa2 ) + T,*(87rpinas) = 0, (5.1)
gives the ratio of rotation to translation as
a 0 TQ
U Tr. (5.2)
The results from the previous chapters show that in the limit when the sphere touches
the wall, T;* tends to infinity while, Ty'* approaches a finite value, for finite values of
3. Therefore, a Q/U = 0, when 3 is finite. This means that a sphere would translate
without rotating when the sphere was in contact with the wall.
Although Carty did not measure the rotational velocity of the spheres rolling
down an inclined plane in his experiments, he did indicate that he did not observe
pure translational motion. For now, we will consider the pure translational motion
of a sphere above a plane wall.
A general force balance on the particle gives
F*(67rttiUa) + F*(67rtia 2) + Fg = 0, (5.3)
where F, is the component of the net gravity force acting parallel to the plane.
For the pure translation problem the angular velocity is zero, Q = 0. Carty
correlated his experimental data via a drag coefficient versus Reynolds number plot.
The linear, low Reynolds number portion, of a log-log plot yielded the empirical
wall-correction factor
F * = 8.96. (5.4)
Matching this value to the numerically evaluated wall correction factor given by
Eq. 3.42, gives the following relation for the slip coefficient,
0.981 + 1.22log10 / = 8.96. (5.5)
Table 5.1: Dimensional Slip Coefficients 3' from Carty's (1957) Experiments
Fluid Dimensional Slip Coefficient 13'
kg/(m 2 s)
Max Value Min Value
Oil 1.03 x 108 2.27 x 107
Water 3.13 x 106 2.05 x 10'
Air 272
Solving for the dimensionless slip coefficient, we find 1-1 = 2.88 x 10-7. This small
slip coefficient is hardly distinguishable from the classical no slip case, #3 = 0.
The introduction of slip means a spherical particle moving near a plane wall would
translate without rotating, with a dimensionless slip coefficient of 01' = 2.88 x 10-7
when the sphere was in 'contact' with the plane wall.
Table 5.1 gives the range on dimensional slip coefficients 1' found empirically from
Carty's experiments in oil, water and air. Carty only performed a few experiments in
air; therefore, only a single value for the dimensional slip coefficient is given. For the
air experiments, it was not certain if essentially zero Reynolds number flow conditions
were met the creeping flow equations were valid. The range in values for a particular
fluid are due to different size spheres and also fluctuations of operating conditions,
such as fluid temperature.
Introduction of the slip boundary condition has eliminated the (force) singularity
inherent in the problem, enabling the velocity of a particle translating under a finite
force to be evaluated. The partial slip model presents a better interpretation then the
classical no-slip model of what is happening physically at points of contact between
solid surfaces. However, introducing slip on the plane wall would indicate that a
sphere in 'contact' with a plane wall would not be able to rotate. This conclusion,
contrary to experiments and what would be expected intuitively, must be resolved.
Three hypotheses for these results in light of the analytical solution in this thesis are
presented.
First, it is possible that Carty's spheres did not reach steady state conditions. The
analytical solution is obtained for the steady state creeping flow equations and do not
apply to transient behavior. Carty reported that steady conditions had been met in
his experiments; however, his spheres only moved a few diameters from their original
position before measurements were taken. This argument would explain Carty's data,
but it is not consistent with what would be expected intuitively-that a sphere would
roll down an inclined plane. This explanation implies that a sphere would roll down
a wall until it reaches steady state conditions, at which time, it would just slide down
the incline. This model is insufficient.
Second, the conclusion that a sphere in contact with a wall cannot rotate might
be explained by the observation that a sphere rolling down a plane wall might not
remain in 'contact' with the plane wall. Chen & McLaughlin (1991) measured the
translational and rotational velocities of a sphere rolling down an inclined plane.
From the velocity measurements, the separation distance was calculated. Fluctuations
in velocity measurements were attributed to fluctuations in the separation distance
which ranged form 3 x 10- to 3 x 10', after the sphere was determined to have
reached steady state conditions.
Chen & McLaughlin's varying separation distance could be a result of a lift force
exerted on the particle which is a function of separation distance. The analytical
results in this thesis are valid at all separation distances, however the singular nature
of the hydrodynamic resistance only presents itself as a problem when the sphere is in
'contact' with the wall. For this scenario it is reasonable to suggest for example that
a sphere moving parallel to a plane wall might spend 25 % of its time touching the
plane wall. During that time the particle would translate without rotating. During
the remaining 75 % of the time, the particle would be a finite distance away from the
wall during which rotation and translation would both be possible. The instantaneous
changes in separation distance would result in the sphere to appear to roll with slip.
This is reasonable to assume in light of Chen & McLaughlin's (1991) experiments in
which the ratio of translation to rotation, an/U, was found to range from -0.471 to
0.939 for spheres moving at close separations (8 < 100 A).
If one allows different solutions for different separation distances, it might be rea-
sonable to ask how introducing slip has improved the model. In the no-slip scenario,
neither translation nor rotation are allowed. Once a particle touches a plane wall it
is unable to move. In the slip scenario, translation is allowed, and it is possible that
the sphere might move to a position where rotation would be possible.
Third, it should also be noted that the slip boundary condition has only been
applied on the plane surface. There is no reason that if hydrodynamic slip occurs, it
should only exist on the plane wall and not also on the sphere surface. Although not
confirmed at this point, it is reasonable to suggest that introducing slip on the sphere
surface might remove the (torque) singularity in the rotation case.
Introducing slip appears to present a better interpretation then the classical no-
slip scenario of what is happening physically between solid surfaces in contact.
Chapter 6
Conclusions
Relaxing the traditional no-slip boundary condition in the course of solving Stokes'
equations for a sphere moving in very close proximity to a wall is presented as a
way to model experimentally observed non-continuum behavior. In particular the
analytical solution is presented to the problem of a neutrally buoyant spherical particle
translating and/or rotating parallel to a plane wall bounding an otherwise quiescent
semi-infinite viscous fluid for the case where a linear slip boundary condition is applied
(uniformly) on the wall. These calculations show that the singularity one observes in
the classical no slip scenario for the pure translation case is removed entirely when the
slightest degree of slip is permitted. Introducing slip into the rotation case however
does not alter the order of the (torque) singularity inherent in the problem.
These results indicate that a spherical particle "rolling" down an inclined plane un-
der the influence of gravity would translate without rotating. The experimental obser-
vations of Carty (1957) are evaluated in order to estimate an empirically determined
slip coefficient. The dimensionless slip coefficient is found to be 0' = 2.88 x 10-,
which is hardly distinguishable from the classical no slip case, 1- - 0. Based on the
dimensional parameters in Carty's experiments, in particular the sphere sizes, fluid
viscosity and experimental conditions, the dimensional slip coefficient 3' was calcu-
lated to range from 2.27 x 107 to 1.03 x 108 kg/(n 2 s) for experiments in oil, from
2.05 x 101 to 3.13 x 106 kg/(m 2 s) for experiments in water and to be 272 kg/(m 2
s) for the experiment in air. It is not certain that the runs performed in air were
conducted at essentially zero Reynolds number.
It is postulated that a spherical particle rolling down a wall might spend only a,
fraction of its time in 'contact' with the wall. During this time, translation without
rotation would be possible. When the sphere and wall are not in contact, rotation
and translation are both possible. The experiments of Chen & McLaughlin indicate
such an assumption might be reasonable as a sphere moving parallel to a plane wall
does not maintain a uniform separation distance.
It is also noted that the partial slip boundary condition has not been applied to
the sphere surface. There is no reason to think that is hydrodynamic slip were to
occur, it would not occur uniformly on all surfaces near points of contact. Although
not confirmed, it is suggested that introducing slip on the sphere might remove the
(torque) singularity for the rotation case.
Appendix A
Coordinate Transformations
The solutions to the equations of motion and continuity have been presented in spheri-
cal bipolar coordinates. To solve these equations and boundary conditions vectors and
operations were transformed between the Cartesian, cylindrical and bipolar coordi-
nate systems. This appendix summarizes the basic transformations used throughout
this thesis. These expressions are based on the techniques described by Happel and
Brenner (1965). It should be noted that the coordinate system used here is different
then the one used by Happel and Brenner, in particular the right-handed coordinate
system in bipolar coordinates used here, (y, , 4) is called ( , 71, 4). The only differ-
ence here is the label of the coordinate axes. This alternate naming convention was
selected in order to remain consistent with other work in this field.
The use of spherical bipolar coordinates has become a standard coordinate system.
Hence, much of the transformations are available in many texts and mathematical
handbooks. Presented here are those transformations used frequently throughout this
text.
A.1 Metrical Coefficients
In general, transformations between coordinate systems are expressed in terms of
metrical coefficients which are defined by,
1 &x &y 2  &z
- ( )2+( )2+( )2. (A.1)hk aqk aqk ogq
The following partial derivatives have been evaluated in order to evaluate the
metrical coefficients.
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Substituting these expressions into Eq. ( A.1) one obtains the following values for
the metrical coefficients:
h? cosh - cosy7
C
cosh ( - cosq
C






In order to transform the velocity in cylindrical coordinates to spherical bipolar co-
ordinates, the following partial derivatives were first evaluated:
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In terms of these partial derivatives, the following transformations related the
velocity components between spherical bipolar and cylindrical polar coordinates:
(cos y cosh ( - 1)
(cosh ( - cos7) Vp
sin i sinh (
(cosh - cosy)
sin y sinh ( (cosy cosh ( - 1)






The nabla operator in bipolar coordinates is given by
. cosh ( - cosy 8 . cosh - cosq a . cosh -cos y (
c ay 8c c sin y a(
A.4 Deviatoric Stress
The stress tensor in spherical bipolar coordinates is obtained from the gradient and
velocity vectors in the same coordinate system. The components of the stress tensor
used in the slip boundary condition are expressed in terms of the velocity components
as
= { (cosh ( - cos y) + + sin y ve + sinh ( v] , (A.22)
p [(o 1 c+s i(




The equations of motion have been solved using series solutions including expansions
of Legendre Polynomials.
B.1 Recursion Relations
The following recursion relations involving Legendre polynomials were used to evalu-
ate integral expressions. (Hildebrand, 1976)
M + 1 M+PPm = 2m ++1
m
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Eqs. ( B.1)-( B.6) can be combined to give these expressions involving Pm. These
are the forms used to develop recursion relations.
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Eqs. ( B.1)-( B.6) can be combined to give these expressions involving P',,. These
are the forms used to develop recursion relations.
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Eqs. ( B.1)-( B.6) can be combined to give these expressions involving P"m. These
are the forms used to develop recursion relations.
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B.2 Integral Relations
Integrals of Legendre Polynomials and their derivatives as well as terms involving
(cosh ( - cos y)-m/2 have been evaluated in order to determine recursion relations, and
also to evaluate the hydrodynamic force and torque exerted on a particular boundary.
The following identity,
oo
(cosh -cos )-1/ 2 = Y gmPm (B.14)
m=O
where
9m = v'2 exp -(m + (,(B.15)
was used to represent the integral of (cosh ( - cos 7)-1/2 in a form consistent with ob-
taining recursion relations. It was thus possible to simply represent non-homogeneous
terms in the boundary condition expressions.
The orthogonality relations used to derive recursion relations from the boundary
conditions are J PnPmd - 2= n,, (B.16)
-1 2n + 1
and
/1 2 n(n + 1)
P'ndpt =n,m. (B.17)
-1 2n + 1
Here, the Kronecker delta function, Sn,m is defined as{n,m 1 for n = m, (B.18)
0 for n #m.
Appendix C
Source Code
The fortran codes presented in the Appendix were used to obtain the numerical results
cited in this thesis. Minor variations of these codes were made for special cases and
for use on different machines. The versions are compatible with the CRAY X-MP.
This program solves the case of a sphere translating past a plane wall.
program trans
e
c This program numerically solves the coefficients to the
c analytic expression describing a sphere translating
c past a plane surface.
constraints
BC: no slip on sphere (3)





write(6,*)' INPUT THE VALUE OF ALPHA
read(5,*)alpha
write(6,*)I INPUT THE FIRST VALUE OF THE SLIP C
read(5,*)betap
write(6,*)' Input the decrement factor for beta
read(5,*)factbp
write(6,*)' INPUT THE FIRST VALUE OF BET'
read(5,*)bet
write(6,*)' Input the decrement factor for beta
read(5,*)factb




write(6,*) ENTER THE NUMBER OF TERMS (max 10,000, min 2)'
read(5,*)num
C 30
c This program uses a banded matrix solver to solve a 7n x 7n
c matrix corresponding to the system of equations for the
c 7n unknowns. These are a linear set of equations which can



















do 75, kk = 1,(7*num+21)












bar(25,3) = one 70
rhsar(3,1) = zero
c

















c ** equation 1 **
c continuity C,E,G
c
ieq = 7*n + 1
bar(20,ieq) = -(rn-one)/two
bar(22,ieq) = - half









c ** equation 2 **
c continuity A,B,D,F 110
c















C ** equation 3 **
c Cn Sphere - no slip
c
ieq = 7*n +3 130
bar(25,ieq) = -one






c ** equation 4 **
c Bn,Cn,Fn,Gn plane - uniform, beta slip
c eta equation 140
e















bar(12,ieq) = (rn-one)*bet/(two*rn-one) 160
rhsar(ieq,1) = zero
e
c ** equation 5 **
c En Sphere - no slip
c







rhsar(ieq,1) = -two*sqtwo*exp(- (rn+half)*alpha)
& /sinh((rn+half)*alpha)
C
c ** equation 6 **
c Dn,En,Fn,Gn plane - uniform, beta slip on plane
c phi equation
c 180











bar(18,ieq) = -cb* (rn-one)*(rn-two)/(two*rn-one)
bar(10,ieq) = (rn-one)/two/(two*rn-one)*bet
bar(17,ieq) -half*bet
bar(24,ieq) = (rn+half)/(two*rn-one)/(two*rn+three) *bet
bar(31,ieq) = half*bet
bar(38,ieq) = -(rn+two)/two/(two*rn+three)*bet




c ** equation 7 **
c Gn Sphere - no slip
ieq = 7*n + 7
bar(25,ieq) = -one
bar(12,ieq) = (cotal-cotnh)/(two*rn-one)
bar(24,ieq) = -cotnh 210

























c The solution vector must be decomposed into the seven separate
c vectors corresponding to the coefficients in the general
c functions W,X,Y and Z. As the original vector is decomposed, 240
c the individual values are manipulated and used to determine













fsun fsum + DT+ET + RN*(RN+ONE)*(BT+CT)
pr1 = exp(- 1.0*(TWO*RN+ONE)*ALPHA)
val = rn*(rn+one)*(two*AT+CT*cotal)
& - (TWO*RN + ONE - COTAL)*ET
val2 = RN*(RN+one)*BT*COTAL 260
& - (TWO*RN+ONE-COTAL)*DT










This program solves the case of a sphere rotating above a plane wall.
program rotation
c
c This program numerically solves the coefficients to the
c analytic expression describing a sphere translating
c across a plane surface.
c
c constraints
c BC: no slip on sphere (3)
c uniform slip on plane (2)




write(6,*)' INPUT THE VALUE OF ALPHA
read(5,*)alpha
write(6,*)' INPUT THE FIRST VALUE OF THE SLIP COEFFICIENT, BETA
read(5,*)betap
write(6,*)' Input the decrement factor for betap'
read(5,*)factbp 20
write(6,*)I INPUT THE FIRST VALUE OF BET'
read(5,*)bet
write(6,*)' Input the decrement factor for beta'
read(5,*)factb
write(6,*)' Input the number of runs to be made'
read(5,*)nrun
write(6,*)' ENTER THE NUMBER OF TERMS (max 10,000, min 2)'
read(5,*)num
c
c This program uses a banded matrix solver to solve a 7n x 7n 30
c matrix corresponding to the system of equations for the
c 7n unknowns. These are a linear set of equations which can



















do 75, kk = 1,(7*num+21)













rhsar(3,1) = zero 70
c






bar(28,5) = two/three* (cotal+one/tanh(alpha/two))
taun = (exp(alpha/two)+exp(-alpha*three/two)/three)/sqtwo 80






do 40, n = 1,num-1 90
rn = n*one
cotnh = one/tanh((rn+half)*alpha)




c ** equation 1 **
c continuity C,E,G
c










rhsar(ieq,1) = zero 110
c
c ** equation 2 **
c continuity A,B,D,F
c














cc ** equation 3 ** 130
c Cn Sphere - no slip
c






c bar(16,ieq) = -two*rkn*(rn-one)/(two*rn-one)
c bar(23,ieq) = two*rkn 140




c ** equation 4 **
c Bn,Cn,Fn,Gn plane - uniform, beta slip
c eta equation
c
ieq = 7*n + 4

















c ** equation 5 **
c En Sphere - no slip
c







c bar(14,ieq) = rkn*rn*(rn-one)/(two*rn-one)
c bar(28,ieq) = -rkn*(rn+one)*(rn+two)/(two*rn+three)
rhsar(ieq,1) - (sqtwo*(two*rn+one)*exp(- (rn+half)*alpha)
& -taun/sinh(alpha))/sinh((rn+half)*alpha)
C
c ** equation 6 **
c Dn,En,Fn,Gn plane - uniform, beta slip on plane
c phi equation
c 190





















c ** equation 7 **
c Gn Sphere - no slip
ieq = 7*n + 7
bar(25,ieq) = -one
bar(12,ieq) = (cotal-cotnh)/(two*rn-one)
























c write(20,*)' detlog,isign = ', detlog,isign
c
c The solution vector must be decomposed into the seven separate 250
c vectors corresponding to the coefficients in the general
c functions W,X,Y and Z. As the original vector is decomposed,
c the individual values are manipulated and used to determine
















gr = rhsar(nn+7,1) 270
rn = n*one
fsum = fsum + dr+er + RN*(RN+ONE)*(br+cr)
prI = exp(-1.0*(TWO*RN+ONE)*ALPHA)
val rn*(rn+one)*(two*ar+cr*cotal)
& - (TWO*RN + ONE - COTAL)*er
val2 = RN*(RN+one)*br*COTAL
& - (TWO*RN+ONE-COTAL)*dr










This banded matrix solver subroutine was used by both the above two codes to
solve the linear set of simultaneous equations.
c written by: paul thomas
c mit 66-256
c 77 massachusetts avenue
c cambridge, ma 02139
c
c this subroutine solves the matrix equation:
c A*x =f
c
c where A is an arrow matrix and fx are vectors. An arrow
c matrix has nonzero elements only in a narrow band centered 10
c on the main diagonal and in the last few columns and rows:
c
c b b cc
c bbb cc
c b b b c c
c A= bbbcc




c The matrix A is reduced using gaussian elimination with
c threshold row pivoting. The column in the band matrix is
c searched for the maximum element. If the diagonal element
c is less than a fraction(tau) of the maximum element, then
c the rows are exchanged.
c
c tau 1.0 partial pivoting
c tau 0.2-0.3 recommended range
c tau = 0.0 no pivoting
c tau = -1.0 solves 1 u x = b. input is matrix previously 30
c factored with tau = 0.0
c
c The program will return the correct L U decomposition if it
c has not pivoted, which is indicated when npiv=0. this can
c be forced by setting tau=0.0, suppressing pivoting. the
c matrix equation is solved for multiple f vectors. the
c magnitude and sign of the determinant are also calculated.
c note: extra storage is required for the band matrix.
c






c jna,lrhs - sizes of arrays b,c,d,e,rhs used in the
c dimension statements
c nod - dimension of the banded matrix and of the
c columns and rows of the arrow
c iband - band width of matrix b, must be odd so
c iarrow - width of the columns and rows in the arrow






minimum ratio of diagonal to maximum element
for no pivoting and L U, set tau=0.0
for full pivoting, set tau=1.0
for solving L U x = b, set tau=-1.0
log 10 of the determinant
sign of the determinant
number of times rows have been pivoted 0
rhs(nod+iarrow,nrhs) - holds f vectors. the solution
vector x is returned in this vector
e(iarrow,iarrow) - holds the elements in the square
section of the arrow matrix
d(nod,iarrow) - holds the elements of the rows
of the arrow matrix
c(iarrow, nod) - holds the elements of the columns
of the arrow matrix
b( 3*iband- , nod) - banded part of A. note that the








c b(mid,i) contains the diagonal elements of matrix a
c mex keeps track of the maximum row exchange
c in the matrix b
c nex keeps track of the last non-zero element
c in the row in matrix b
c







c gaussian elimination of matrix b. check the column
c for the maximum element. if the diagonal is less than a
c fraction, tau, of the maximum element then switch rows.
c if tau = 0.0 then no pivoting will take place and the 1 u
c decomposition will be returned. if tau=1.0 then full row
c pivoting will be used. if tau = -1.0 then the 1 u matrix
c will be front-substituted, and then back-substituted.











if (abs(b(mid,i)).ge.tau*big) goto 50
c exchange row i with row I of the matrices b, c, rhs.






















C the lower band matrix is eliminated and replaced with the
c pivots for the 1 u decomposition. the rhs vector and the





















c the array d is eliminated except for the last column and
c replaced with the pivot for the 1 u decomposition. the rhs


















c the final element of the banded matrix b is checked to see
c if it is large enough. if it is too small, it is pivoted

























c the last column of the array d is eliminated. the rhs













c the array e is eliminated using threshold row pivoting.
c if the diagonal element is less than a fraction, tau, of the
c maximum column element, then the rows are exchanged. as the



































c if tau < 0 the matrix is not decomposed, and the previous 260
c 1 u matrix is used. the lower matrix 1 is forward
c substituted.
c


















c the upper matrix u containing the arrow is back-substituted
c for the solution vectors x. the magnitude and sign of the
c matrix are calculated.
C














c the upper matrix u containing the banded matrix b is back-
c substituted for the solution vectors x. the magnitude and 300

















Solutions giving the velocity field are expressed in terms of the coefficients, A',., G1.
These coefficients were determined analytically from the boundary conditions and
continuity expression. Their approximate values were determined numerically by
simultaneous solution of a linear set of equations. The values of the coefficients were
used to determine the hydrodynamic force and torque in the problem. Their actual
values thus were not a significant result, but they are included in this Appendix for a
number of cases corresponding to different separation distances and slip coefficients.
Table D.1 lists the translation cases whose values are included.
The coefficients for the rotation case are also included in this Appendix. Table
D.2 lists the rotation cases whose values are included.
Table D.1: Coefficients for Translation Cases
Dimensionless Slip Number
Separation Distance Coefficient of Terms
E | a #3 N
10 3.089 00 10
10 3.089 0.1 10
10 3.089 0 10
1 1.317 o 60
1 1.317 0.1 60
1 1.317 0 30
102







1 1.317 o 30
1 1.317 1 30
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n A B C D F
0 -0.385e+0 .200e+1
1 -0.385e+0 0.107e+1 -0.298e+0 -0.835e-1 0.124e±O
2 -0.278e-01 -0.257e+0 0.276e+0 0.368e+0 -O.333e+O -0.191e+0 0.173e+0
3 -0.274e-02 -0.377e-01 0.400e-01 0.809e-01 -0.764e-01 -0.138e-01 0.1 3 0e-01
4 -0.259e-03 -0.604e-02 0.622e-02 0.161e-01 -0.155e-01 -0.136e-02 0.130e-02
5 -0.231e-04 -0.795e-03 0.808e-03 0.255e-02 -0.247e-02 -0.128e-03 0.124e-03
6 -0.198e-05 -0.910e-04 0.919e-04 0.341e-03 -0.333e-03 -0.114e-04 0.111e-04
7 -0.165e-06 -0.951e-05 0.957e-05 0.410e-04 -0.401e-04 -0.981e-06 0.959e-06
8 -0.135e-07 -0.935e-06 0.940e-06 0.456e-05 -0.448e-05 -0.818e-07 0.802e-07
9 -0.108e-08 -0.880e-07 0.884e-07 0.480e-06 -0.472e-06 -0.668e-08 0.657e-08
10 -0.861e-10 -0.802e-08 0.804e-08 0.483e-07 -0.476e-07 -0.538e-09 0.530e-09
11 -0.678e-11 -0.712e-09 0.714e-09 0.469e-08 -0.463e-08 -0.428e-10 0.422e-10
12 -0.530e-12 -0.619e-10 0.620e-10 0.444e-09 -0.438e-09 -0.337e-11 0.333e-1 I
13 -0.411e-13 -0.529e-11 0.530e-11 0.410e-10 -0.405e-10 -0.263e-12 0.260e-12
14 -0.317e-14 -0.446e-12 0.447e-12 0.371e-11 -0.367e-11 -0.204e-13 0.202e-13
15 -0.244e-15 -0.372e-13 0.372e-13 0.331e-12 -0.327e-12 -0.158e-14 0.156e-14
16 -0.186e-16 -0.307e-14 0.308e-14 0.290e-13 -0.288e-13 -0.121e-15 0.120e-15
17 -0.142e-17 -0.243e-15 0.244e-15 0.251e-14 -0.249e-14 -0.918e-17 0.910e-17
18 -0.108e-18 -0.270e-16 0.271e-16 0.213e-15 -0.212e-15 -0.682e-18 0.676e-18
19 -0.816e-20 0.468e-17 -0.468e-17 0.160e-16 -0.159e-16 0.404e-20 -0.446e-20
20 -0.616e-21 -0.606e-17 0.606e-17 -0.838e-18 0.849e-18 0.132e-19 -0.1.32e-19
21 -0.464e-22 0.557e-17 -0.557e-17 -0.236e-17 0.237e-17 0.426e-19 -0.426e-19
22 -0.349e-23 -0.525e-17 0.525e-17 -0.260e-17 0.260e-17 0.130e-19 -0.130e-19
23 -0.261e-24 0.495e-17 -0.495e-17 -0.272e-17 0.272e-17 0.329e-19 -0.329e-19
24 -0.196e-25 -0.467e-17 0.467e-17 -0.284e-17 0.284e-17 0.l0le-19 -0.l0le-19
25 -0.146e-26 0.440e-17 -0.440e-17 -0.296e-17 0.296e-17 0.257e-19 -0.257e-19
26 -0.109e-27 -0.416e-17 0.416e-17 -0.307e-17 0.307e-17 0.795e-20 -0.795e-20
27 -0.814e-29 0.393e-17 -0.393e-17 -0.319e-17 0.319e-17 0.205e-19 -0.205e-19
28 -0.607e-30 -0.371e-17 0.371e-17 -0.330e-17 0.330e-17 0.639e-20 -0.639e-20
29 -0.530e-31 0.350e-17 -0.350e-17 -0.342e-17 0.342e-17 0.166e-19 -0.166e-19
30 -0.387e-32 -O.3 31e-17 0.331e-17 -0.354e-17 0.354e-17 0.521e-20 -0.521e-20
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n At B J C J D j E t Fn G
0 0.578e+0 0.573e+
1 -0.258e+0 0.503e+0 -0.609e-03 -0.237e+0 0.284e+0
2 -0.278e-01 0.208e-01 0.102e-01 -0.127e+0.150e+0 -0.228e-01 0.107e-01
3 -0.289e-02 -0.376e-02 0.635e-02 -0.865e-01 0.910e-01 -0.492e-02 0.413e-02
4 -0.272e-03 -0.347e-02 0.366e-02 -0.588e-01 0.595e-01 -0.204e-02 0.198e-02
5 -0.240e-04 -0.223e-02 0.224e-02 -0.404e-01 0.404e-01 -0.110e-02 0.l10e-02
6 -0.204e-05 -0.145e-02 0.145e-02 -O.281e-O1 0.281e-01 -0.676e-03 0.676e-03
7 -0.169e-06 -0.100e-02 0.100e-02 -0.197e-01 0.197e-01 -0.444e-03 0.444e-03
8 -0.137e-07 -0.706e-03 0.706e-03 -0.138e-01 0.138e-01 -0.306e-03 0.306e-03
9 -0.110e-08 -0.528e-03 0.528e-03 -0.960e-02 0.960e-02 -0.219e-03 0.219e-03
10 -0.873e-10 -0.390e-03 0.390e-03 -0.656e-02 0.656e-02 -0.161e-03 0.161e-03
11 -0.686e-11 -0.308e-03 0.308e-03 -0.432e-02 0.432e-02 -0.121e-03 0.121e-03
12 -0.535e-12 -0.233e-03 0.233e-03 -0.266e-02 0.266e-02 -0.931e-04 0.931e-04
13 -0.414e-13 -0.194e-03 0.194e-03 -0.141e-02 0.141e-02 -0.727e-04 0.727e-04
14 -0.319e-14 -0.148e-03 0.148e-03 -0.488e-03 0.488e-03 -0.576e-04 0.576e-04
15 -0.245e-15 -0.129e-03 0.129e-03 0.214e-03 -0.214e-03 -0.461e-04 0.461e-04
16 -0.182e-16 -0.974e-04 0.974e-04 0.732e-03 -0.732e-03 -0.374e-04 0.374e-04
17 -0.754e-18 -0.893e-04 0.893e-04 0.112e-02 -0.112e-02 -0.306e-04 0.306e-04
18 0.378e-18 -0.662e-04 0.662e-04 0.141e-02 -0.141e-02 -0.252e-04 0.252e-04
19 -0.287e-18 -0.643e-04 0.643e-04 0.162e-02 -0.162e-02 -0.210e-04 0.210e-04
20 0.570e-18 -0.460e-04 0.460e-04 0.176e-02 -0.176e-02 -0.175e-04 0.175e-04
21 -0.813e-19 -0.478e-04 0.478e-04 0.186e-02 -0.186e-02 -0.148e-04 0.148e-04
22 0.147e-16 -0.324e-04 0.324e-04 0.192e-02 -0.192e-02 -0.125e-04 0.125e-04
23 -0.249e-16 -0.366e-04 0.366e-04 0.196e-02 -0.196e-02 -0.107e-04 0.107e-04
24 0.145e-18 -0.231e-04 0.231e-04 0.196e-02 -0.196e-02 -0.911e-05 0.911e-05
25 0.129e-16 -0.287e-04 0.287e-04 0.196e-02 -0.196e-02 -0.783e-05 0.783e-05
26 -0.153e-16 -0.164e-04 0.164e-04 0.194e-02 -0.194e-02 -0.675e-05 0.675e-05
27 0.876e-17 -0.231e-04 0.231e-04 0.191e-02 -0.191e-02 -0.584e-05 0.584e-05
28 -0.839e-18 -0.116e-04 0.116e-04 0.187e-02 -0.187e-02 -0.507e-05 0.507e-05
29 -0.142e-16 -0.190e-04 0.190e-04 0.183e-02 -0.183e-02 -0.442e-05 0.442e-05



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































n A" Br C; Drn EI Fn Gr
0 -0.604e+00 0.Oe+00
1 -0.400e+00 0.183e+00 0.Oe+00 0.520e+00 0.Oe+00
2 -0.369e-01 -0.353e-01 0.Oe+00 0.186e+00 0.Oe+00 -0.746e-02 0.Oe+00
3 -0.535e-02 -0.665e-3 0.Oe+00 0.350e-01 0.Oe+00 0.595e-03 0.Oe+00
4 -0.812e-03 0.287e-05 0.Oe+00 0.683e-02 O.Oe+00 0.622e-04 0.Oe+00
5 -0.123e-03 0.266e-05 0.Oe+00 0.127e-02 0.Oe+00 0.589e-05 0.Oe+00
6 -0.183e-04 0.357e-06 0.Oe+00 0,227e-03 0.Oe+00 0.580e-06 0.Oe+00
7 -0.272e-05 0.415e-07 0.Oe+00 0.392e-04 0.Oe+00 0.603e-07 O.Oe+00
8 -0.403e-06 0.478e-08 0.Oe+00 0.660e-05 0.Oe+00 0.657e-08 0.Oe+00
9 -0.594e-07 0.560e-09 0.Oe+00 0.109e-05 0.Oe+00 0.741e-09 0.Oe+00
10 -0.874e-08 0.668e-10 0.Oe+00 0.178e-06 0.Oe+00 0.862e-10 0.Oe+00
11 -0.128e-08 0.813e-11 0.Oe+00 0.288e-07 0.Oe+00 0.102e-10 0.Oe+00
12 -0.188e-09 0.100e-11 0.Oe+00 0.460e-08 O.Oe+00 0.124e-11 0.Oe+00
13 -0.276e-10 0.125e-12 0.Oe+00 0.730e-09 O.Oe+00 0.153e-12 0.Oe+00
14 -0.405e-11 0.159e-13 0.Oe+00 0.115e-09 O.Oe+00 0.191e-13 O.Oe+00
15 -0.593e-12 0.203e-14 O.Oe+00 0.180e-10 0.Oe+00 0.241e-14 0.Oe+00
16 -0.868e-13 0.261e-15 0.Oe+00 0.281e-11 0.Oe+00 0.306e-15 O.Oe+00
17 -0.127e-13 0.338e-16 0.Oe+00 0.437e-12 O.Oe+00 0.394e-16 0.Oe+00
18 -0.186e-14 0.441e-17 0.Oe+00 0.676e-13 0.Oe+00 0.510e-17 0.Oe+00
19 -0.272e-15 0.580e-18 0.Oe+00 0.104e-13 0.Oe+00 0.665e-18 0.Oe+00
20 -0.397e-16 0.765e-19 0.Oe+00 0.160e-14 0.Oe+00 0.871e-19 0.Oe+00
21 -0.580e-17 0.10le-19 0.Oe+00 0.246e-15 0.Oe+00 0.115e-19 0.Oe+00
22 -0.848e-18 0.135e-20 0.Oe+00 0.377e-16 0.Oe+00 0.152e-20 0.Oe+00
23 -0.124e-18 0.181e-21 0.Oe+00 0.575e-17 0.Oe+00 0.203e-21 0.Oe+00
24 -0.181e-19 0.243e-22 0.Oe+00 0.877e-18 0.Oe+00 0.271e-22 0.Oe+00
25 -0.264e-20 0.327e-23 0.Oe+00 0.133e-18 0.Oe+00 0.362e-23 0.Oe+00
26 -0.386e-21 0.447e-24 0.Oe+00 0.203e-19 0.Oe+00 0.483e-24 0.Oe+00
27 -0.563e-22 0.651e-25 0.Oe+00 0.307e-20 O.Oe+00 0.608e-25 0.Oe+00
28 -0.809e-23 0.133e-25 0.Oe+00 0.469e-21 0.Oe+00 0.402e-26 0.Oe+00
29 -0.106e-23 0.607e-26 0.Oe+00 0.748e-22 0.Oe+00 -0.35e-26 0.Oe+00





Force and Torque Computations
This chapter includes the actual computer output for the force and torque compu-
tations for the rotation and translation cases. There are seven numbers reported for
each case, alpha and eps are a and c corresponding to the dimensionless separation
distance, N the number of terms taken in the series, force and torque the computed
force and torque results reported to ten significant figures and beta and betap corre-
sponding to the slip coefficient. The actual value of the slip coefficient 3 is equal to
beta / betap. In order to specify the # = oo case, betap was set to zero. For most of
the runs, the values of beta and betap were kept in the range [0, 1].
To determine the actual precision of the numerical calculations, cases were run
including more nonzero terms in the series expressions. For a given separation, nu-
merical convergence was determined at the value # = 1. These results are included
before the results for each separation distance.
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0.443568, 0.100000, 500, -1.3426927240,




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































-1.0072042791', -0.7570548161E-01, 0.100E+01, 0.100E+01
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